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An analytical solution for flow in the vicinity of an observation well is developed. The observation is
emplaced in a homogeneous aquifer of infinite radial extent that is pumped at a constant rate, and sat-
isfies the Theis solution. We attempt to account for the effect of an observation well on the drawdown
response in a neighborhood of finite radial extent centered around the well. The model of Black and Kipp
[Black, J.H., Kipp Jr., K.L., 1977. Observation well response time and its effect upon aquifer tests. Journal of
Hydrology 34, 297-306] only makes a correction to the drawdown response at the well location and does
not modify the flow pattern in the neighborhood of the well. This may be sufficient for isolated observa-
tion wells but, for well-fields or sites with relatively closely spaced wells, the flow patterns in the neigh-
borhoods of the wells may significantly impact drawdown response. The model we develop is applied to
field data and is shown to yield an aquifer hydraulic diffusivity that is comparable to that estimated with
the model of Black and Kipp [Black, J.H., Kipp Jr., K.L.,, 1977. Observation well response time and its effect
upon aquifer tests. Journal of Hydrology 34, 297-306]. In addition to providing estimates of formation
conductivity and specific storage, the solution yield estimates of the hydraulic conductivity and specific
storage of the zone of influence and has the ability to predict the effect of the observation well on draw-
down response in a finite region of influence in the vicinity of the well.

© 2008 Elsevier B.V. All rights reserved.

Introduction

It has long been noted that a measuring instrument (observa-
tion well or piezometer) emplaced in an aquifer can lead to signif-
icant lag, at early-time, of observed drawdown from that predicted
by the classical models of Theis (1935) for confined aquifers, and
Neuman (1972) for unconfined aquifers. Such a lag, if it is not ac-
counted for in the forward model used in parameter estimation,
would lead to significant overestimation of aquifer specific storage
(Mucha and Paulikova, 1986). One of the first workers to consider
the effect of an observation well or piezometer on measured draw-
down was Hvorslev (1951), who introduced the parameter
tg = Cy/(FK) known as the basic time lag of the measuring instru-
ment, where C,, is the instrument storage coefficient, F is the shape
factor and K is formation hydraulic conductivity. Papadopulos and
Cooper (1967) developed a solution that accounted for the effect of
pumping wellbore storage in confined aquifers. Black and Kipp
(1977) extended the theory of Hvorslev (1951) to observation
wells placed in a confined aquifer that satisfies the solution of
Theis (1935). They introduced the dimensionless parameter
B = 4otp/r?> known as the response factor of the measuring instru-
ment, where ¢ is formation hydraulic diffusivity and r is the radial
distance from the pumping well. They developed a type-curve
method for estimating aquifer parameters.
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Boulton and Streltsova (1976) considered the effect of wellbore
storage for the problem of flow in unconfined aquifers. However,
their solution has the limitation that it does correctly model
unconfined aquifer flow since a constant head boundary condition
was imposed at the watertable. Narasimhan and Zhu (1993) devel-
oped a numerical model to account for wellbore storage effects in
unconfined aquifers considering both the approaches of Boulton
(1954) and Neuman (1972) for accounting for delayed gravity re-
sponse. Moench (1997) developed an analytical model that ac-
counts for both pumping well and observation well storage
effects in unconfined aquifers, using a boundary condition at the
watertable that can be shown to lead to the model of Boulton
(1954) for vertically averaged flow, and to the linearized kinematic
condition used by Neuman (1972) under the assumption of instan-
taneous watertable drainage. To account for observation well stor-
age effects, Moench (1997) adopted the approach of Black and
Kipp (1977).

It should be noted that in the model of Hvorslev (1951) and
Black and Kipp (1977), a small jump discontinuity exists across
the interface between wellbore and formation fluid as can be seen
in Fig. 1a, which is a schematic of the conceptual model adopted by
Black and Kipp (1977) for drawdown in the wellbore and in the for-
mation. In the figure, the dashed curve represents the Theis (1935)
solution, and the solid curve is the solution of Black and Kipp
(1977). Note that in the formation, the two solutions coincide. To
resolve the difficulty presented by the jump discontinuity in head
at the wellbore-formation boundary it is necessary to introduce
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Nomenclature

K hydraulic conductivity of aquifer, [LT™!]

K hydraulic conductivity of zone of influence, [LT™!]
Ss specific storage of aquifer, [L™']

S: specific storage of zone of influence, [L™']

o hydraulic diffusivity of aquifer, [L>T]

of hydraulic diffusivity of zone of influence, [LT™]
Ol hydraulic diffusivity of well, [L*T~"]

b aquifer thickness, [L]

r radial distance from center of observation well, [L]
r* radial distance from pumping well, [L]

Tw radius of observation well, [L]

Too radius of observation well zone of influence, [L]
s radial distance of observation well from pumping well,
(L]

drawdown in zone of influence, [L]

drawdown outside zone of influence, [L]

pumping well discharge rate, [L>T']

Laplace transform parameter

time since onset of pumping, [T]

local observation well tangential coordinate, [radians]

ST OV W

wellbore skin in which hydraulic head varies linearly with radial
distance, as shown by the dashed-dotted lines in Fig. 1a. In this
case, one expresses the basic time lag, tz, as a function of the
hydraulic conductivity of wellbore skin, K;, instead of the forma-
tion hydraulic conductivity, K. The parameter F is said to represent
the flow field geometry around the observation well (see Holden
and Burt (2003) and references therein) and may then be viewed
as a characteristic length dimension of wellbore skin. For cases
with no wellbore skin F is simply a fitting parameter with no clear
physical meaning.

A shortcoming of the model of Black and Kipp (1977) is that the
measuring instrument only affects the formation flow field at the
wellbore or within the radial extent of wellbore skin. This means
that, outside the wellbore, in the absence of wellbore skin, the for-
mation response is that predicted by the Theis (1935) solution. In
the presence of wellbore skin, Black and Kipp (1977) assume head
distribution in the skin is linear, which is a consequence of neglect-
ing the specific storage of wellbore skin. The assumption of negli-
gible skin storage is sufficient only when the radial extent of skin is
relatively small. However, even when this assumption is valid, the
zone of the formation flow field influenced by the presence of an
observation well may not be limited to wellbore skin, particularly
for cases where wellbore skin is highly conductive.

In this work, we propose a solution that allows for head conti-
nuity at the wellbore-formation interface and is thus less approx-
imate than the theory of Hvorslev (1951) used in Black and Kipp
(1977). A schematic of the conceptual model used to develop the
solution is shown in Fig. 1b. Head continuity is maintained at the
wellbore-formation interface without the introduction of fitting
parameters such as the the shape factor of Hvorslev (1951) and
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Black and Kipp (1977). As a consequence of enforcing continuity
of head at the wellbore-formation interface, the solution devel-
oped here predicts drawdown that varies with position (i.e. in
the tangential direction) around the wellbore. The variation is very
slight and when averaged around the wellbore circumference,
yields the hydraulic head that is a predictor of what is measured
by a transducer placed in the wellbore.

The solution developed here was fitted to field data from Black
and Kipp (1977) using the drawdown and drawdown time deriv-
ative based type-curve approaches. The drawdown based type-
curve approach follows that of Black and Kipp (1977), where as
the derivative based approach follows the works of Illman and
Neuman (2000, 2001). The derivative based method is known to
accentuate wellbore storage effects allowing for more unique
estimates in cases where drawdown based type-curves are not
significantly dissimilar for different parameter values. The draw-
down based approach was found to yield an estimate of aquifer
hydraulic diffusivity that is comparable but not equal to that ob-
tained by Black and Kipp (1977). Despite the similarity in esti-
mated parameter values, it should be noted that the solution
developed in this work can, in addition to yielding estimates of
formation conductivity and specific storage, yields estimates of
the hydraulic conductivity and specific storage of the zone of
influence. The solution also has the ability to predict the effect
of the observation well on drawdown response in a finite region
of influence in the vicinity of the well. Parameters were also esti-
mated using the derivative based type-curve approach. The
hydraulic diffusivity of the aquifer estimated according to this ap-
proach is of the same order of magnitude as that estimated with
the drawdown based method.
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Figure 1. Schematics of the conceptual models for wellbore flow dynamics. (a) Black and Kipp (1977), and (b) proposed model. Solid curves are model predicted response and
dashed curves are the Theis solution. Dotted line in (b) is mean wellbore drawdown of proposed model.
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Proposed approach

We consider flow in the zone of influence of an observation well
that is emplaced in a homogeneous confined aquifer of thichkness
b and infinite radial extent that is pumped at a constant rate. The
governing equation for flow in the zone of observation well influ-
ence is given by
105 10/ 1%
a&*m(’&) 7o
where § is drawdown in the zone of influence, r is the radial distance
from the center of the observation well, 0 is the coordinate of the
tangential flow direction, t is time since the start of pumping,
o' =K'/S;, with K’ and S; being, respectively, the hydraulic conduc-
tivity and specific storage of the zone of influence of the observation
well. Outside the zone of influence, we use the notation s for draw-
down, K for hydraulic conductivity and S, for specific storage. The
radial distance from the pumping well is denoted r*. Drawdown
outside the observation well zone of influence is assumed to satisfy
the solution of Theis (1935). Eq. (1), for drawdown in the observa-
tion well zone of influence, is solved subject to the initial condition

§(r,0,0) =0, )

(1)

based on the assumption that the system is initially static, and the
boundary conditions

$(rw, 0,t) = 5(0,1), (3)

at the edge of the zone of influence, and

21th<< as)
=

at the wellbore, where C,, is the wellbore storage coefficient, which,
for open wells, is taken to be C,, = mr2, where r,, is the radius of the
well (or well casing). The nonhomogeneous Dirichlet boundary con-
dition given in Eq. (3) uses the Theis solution as the forcing function
at the edge of the zone of influence. The boundary condition at the
wellbore accounts for the effect of finite wellbore radius and well-
bore storage.

In the tangential flow direction, we impose the following peri-
odicity conditions:

s

vat| (4)

r=ry

§(T,Tc,t) :§(r,—n,t), (5)
and

a8 as

= == . (6)
o0 0=m 00 0=—1

These periodicity conditions at 0 = 4+ ensure continuity of hydrau-
lic head and fluid flux at # = 7 since points on the line § = 1 are
the same as those on the line § = —m.

In dimensionless form, we write the above flow problem as

13 10 asp\ 1%
o s o 0are) i3 7
Sp(rp,0,0) =0, (8)
5p(Tps, 0, tp) = sp(0, tp), 9)
arp D=Tpw %pw Otp D=Tpw

Sp(rp, T, tp) = $p(rp, —T, tp), (11)
and

|

0|y 0|,y (12)

Table 1
Dimensionless variables and parameters.

$p = 5/[Q/(4mbK)]

rp=r/b
rp=r"/b
rz).obs = r;hs/b
rB.oo =ri/b
I =1/Tw
oo =10 /rW
tp = O(t/b
op =o' /o
Opw = Olw/ 0

where §p = §/[Q/(4nbK)), rp =1/b, pw = I'w/b, tp = at/b*, o =K/S,
is the hydraulic diffusivity of the aquifer, op = o’/ is the dimen-
sionless hydraulic diffusivity of the zone of influence, op,, = o, /o
and o, = 2nb3K’/Cw. A summary of the dimensionless variables
and parameters used in this work is given in Table 1.

Solution

The Laplace transform of drawdown in the observation well and
in its immediate vicinity (region of influence) is given by the fol-
lowing complete Fourier series (see Appendix for details of
derivation):

Sp(z,0) = Go(z +Z [an ) cos(nd) + by(z )sin(ne)], (13)

where z = rp/p/ap and the Fourier series coefficients are given by

a0 =52 [“50.p)0 (14)
y(z) = E”T(Z) /j Sp(0, p) cos(nd)do (15)
ba(2) :H“T(Z) /_:ED(H,p) sin(n0)do (16)

forn=1,2,3,..,and
1(2) — wnKy(2)

Un(2) = § 7 = oKz (17)
forn=0,1,2,..,
Wy = (n 7p/O(D,w)In(Zw) + Zwlnia (zw) (18)

(Tl - p/aD,W)Kn(ZW) - ZwKnH (Zw) '

with z,, = rpw\/p/op and z,, = rp..+/p/0p.

In principle, inverting the Laplace transform of 5(r, 0, p) given in
Eq. (13) analytically leads to

$p(r'p, 0,tp) = do(rp, tp) + > _[An(Tp, tp) COS(NO) + by(1p, tp)
n=1

x sin(n)), (19)
where
l tp T
ao(rp, tp) :2—/ uO(rD»TD)/ sp(0,tp — Tp)dodTp, (20)
T 0 -
and
] tp s
an(rp,tp) = P / u,,(rD,rD)/ sp(0,tp — Tp) cos(nh)dodtp,  (21)
0 -1
1 [0 T
bu(roto) = [ alro70) | o(0.t — 7o) sin(noydodzy (22
o J =T
for n=1,2,3,..., where u,(rp,tp) = £ {t,(rp,p)}. For our pur-

poses, sp(0,tp) is the Theis solution given by
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2 (0
R ] (23)
where
TEZ(Q) = rlf)z,obs + rzD,ao + erv.ober-m COS(Q)' (24)

An alternative to analytical inversion of the Laplace transform
of §(r, 0, p) is numerical. Numerical algorithms for inverting Laplace
transforms include the methods of Stehfest (1970), Crump (1976),
Talbot (1979) and de Hoog et al. (1982). In this work the method of

Talbot (1979) is used due to the relative simplicity of its
implementation.

Model predicted system behavior

We have introduced here the parameter r., to denote the radius
of influence of an observation well. Fig. 2 shows that as one moves
toward the edge of the region of influence, that is, as rp approaches
.o, the solution developed here approaches the Theis (1935) solu-
tion. As expected, the most departure from the Theis solution is at
the observation well (r, = 5 x 1072 in the figure). One can develop
an empirical equation for r,, of the form r, = f(ap,opw) where
b = I'/Tw. In Fig. 3 we plot the predicted response in the well
for different values of rj, . The plots in Fig. 3a and (b) show that
the solution converges at different values of r}, _ for different val-
ues of op . The results indicate that rj, - decreases with increasing
op.w. For instance, for the case of oy = 107! (Fig. 3a), the curves are

10'
100 |

107 }

sp(rp» tp)

102 }

103 }

10

102 107 10° 10"

Figure 2. Log-log plot of dimensionless drawdown against tp/rj? for different
values of the dimensionless radial distance, rp < 1., from the observation well.

102 10’ 102 10°
tD/rf)2

more spread out and the solution converges at rj, > 60, indicating
that an observation well of radius 5 cm would have a radius of
influence of greater than 3 m, whereas for the case of o = 10!
(Fig. 3a), convergence is achieved at r, _ < 60. These results also
show that when analyzing pumping test data from closely spaced
observation wells, interaction between the wells should be taken
into account. The solution developed here accounts for impact of
an observation well on flow in the formation.

In Fig. 4 we plot the response of observation wells at different
dimensionless radial distances, r},,, from the pumping well. The
figure shows that instrument delay, relative to the response pre-
dicted by the Theis (1935) solution, decreases with increasing dis-
tance of the observation well from the pumping well, a fact also
noted by Narasimhan and Zhu (1993). Thus, for a confined aquifer
of thickness b = 10 m, the response of an observation well located
60 m from the pumping well would be virtually indistinguishable
from that predicted by the Theis (1935) solution. The figure is in-
cluded here to demonstrate that the solution developed in this
work is consistent with known confined aquifer flow theory, tend-
ing to the Theis solution as the observation well distance from the
pumping well increases.

Fig. 5 shows the predicted response in the neighborhood of the
observation well. Dimensionless drawdown is plotted against the
dimensionless radial distance, 1, = r/r,, from the observation well
for different values of 0. The figure shows the temporal evolution of
drawdown response in the neighborhood of the well. The model
results presented in the figure show that at early-time water flows

10"
b = 60.0

sp(rp, tp)

* —
I'D,obs —‘6'0

-4 : ‘

10

1072 107 10° 10°
tD/r*Dz

Figure 4. Log-log plot of dimensionless drawdown against tp/ry? for different
values of the dimensionless radial distance, r}, ..., from the pumping well.
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103 : ‘ :
102 107 10° 10! 102 10°
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Figure 3. Log-log plot of dimensionless drawdown against tp/ry? for different values of rj, . =r./ry for ap = 1.0, (3) opw = 107" and (b) op,, = 10",
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Figure 5. Plot of dimensionless drawdown against r},, the dimensionless radial distance from the observation well, for different values of 0 at the indicated values of

dimensionless time.

outward in all directions around the wellbore due to the delay in
response of the observation well. At late time water flow in the
observation well is unidirectional, always directed toward the
pumping well as the observation well and the formation respond
as a uniform medium. Considering a high conductivity (K =
10* m/s) and low specific storage (S; = 10" m~!) aquifer with a
hydraulic diffusivity of o = 10 m2/s, as is typical of alluvial sand
deposits, and having an initial saturated thickness of b =10 m,
Fig. 5 indicates that the unidirectional flow regime would be
attainable after about 10 s. On the other hand, a moderately low
conductivity (K =10"m/s) and high specific storage (S;=
10~* m1!) aquifer with a hydraulic diffusivity of ¢ =10"m?2/s,
the unidirectional flow regime would be established after about
3h.

Fig. 5 also shows that for 0 < /2, drawdown decreases with
increasing radial distance from the observation well. This is to be

expected since for these angles, increasing radial distance from
the observation well also corresponds to increasing distance from
the pumping well, whereas the opposite is the case for 0 > m/2.
The strong nonlinearity of drawdown in the neighborhood of the
observation as predicted by our model and clearly observable in
the model results at early-time, illustrates a siginificant difference
between our solution and that of Black and Kipp (1977). It should
be noted that the model of Black and Kipp (1977) predicts linear
drawdown in the skin at all times, since the specific storage of
the skin in ignored.

Black and Kipp (1977) introduced the dimensionless parameter
B which they referred to as the observation well response factor,
defined as

4/ C K
=5 (s ) e
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where Fp = F/b and r;,; is the radial distance of the observation

well from the pumping well. Similarly,

1 1 Chw K
IopsODw 2T (str;f,s I() (26)
where 1}, . = T5,./b. In Fig. 6 we fit the solution of Black and Kipp
(1977) to the response predicted by the solution developed in this
work for rp ops = 1.0. For the results computed using our model with
parameter values op,, = 1.75 and 0.175, the fitted model of Black
and Kipp (1977) yielded parameter values of g = 10 and 100, respec-
tively. These results suggest that, for parameter choices such that
B =10/0p., the two models produce virtually identical results, ex-
cept at very early-time. Despite this similarity in predicted response
in the well for g8 = 10/ap,, it should be noted that the two models
differ significantly in how they model the flow dynamics around the
wellbore. The most significant advancement introduced by our
solution is the ability to predict drawdown response in the immedi-
ate vicinity of the observation well, which is critical in analyzing
flow and transport of contaminants in a wellfield with closely
spaced observation wells.

Fig. 7 shows the effect of op on the response of the obserevation
well for ap,, = 24.0, which corresponds to a 5 cm-diameter obser-
vation well. The results in the figure indicate that the delay in re-
sponse of the observation well decreases with increasing values
of ap, the ratio of the hydraulic diffusivity of the zone of influence

10" : : : :
10° apy=1.75
B=10 Y
£ 107! / \“D,w =0.175
y f/ B =100
2
10 Theis —
Black & Kipp -~
3 / new solution
o g ‘ ! ‘
102 107 10° 10 102 10°
tl—_,/rf,2

Figure 6. A comparison of predicted response of the new model (for
opw = 1.75,0.175) to the solution of Black and Kipp (1977) (for g = 10, 100).
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10° | op=10°
> 107
a
= Theis —
[a] -2
o 10 O‘D,w=10f ,,,,,,,
Opy =10 -
103 tpw =10,
ocD,W:1O_2
10_4 f ‘ ‘ ocD’W=1O‘
102 107 10° 10" 10®2 10® 10*
2
to/rp

10°

10° |

sp(rp» tp)

103 }

10

102 107

tD/rE,2

Figure 7. Log-log plot of dimensionless drawdown against tp/r;? for different
values of the dimensionless hydraulic diffusivity, ap, of the observation well region
of influence.

to that of the aquifer. This implies that as the hydraulic conductiv-
ity of the zone of influence increases or as the specific storage de-
creases relative to that of the formation outside the zone of
influence, the delay in response of the observation well decreases,
as one would expect.

Application to field data

For the solution developed here, the dimensionless parameter
1/(riks%pw) can be used as a measure of the observation well re-
sponse time. Fig. 8a shows the model predicted response for differ-
ent values of the parameter op, for the case of ap =1.0 and
p.obs = 1.0. This plot can be used in type-curve estimation of aqui-
fer parameters in a manner akin to the approach of Black and Kipp
(1977). When the type-curves are not sufficiently dissimilar for dif-
ferent values of the dimensionless parameter op,, it may to non-
unique estimates of hydraulic parameters. In such a case it may
be appropriate to adopt the approach of Illman and Neuman
(2000, 2001) who proposed the use of type-curves of the derivative
of dimensionless drawdown with respect to the natural log of tp,
i.e.

%y . 0%
ity P 27
b 10’
op = 10°
100 |

ocD’W=10f —
1072 Opy =10 -~ J
op =10
aDYW:10:;
109 Oy = 1072 -
102 102 10 10*

Figure 8. Log-log plot of (a) dimensionless drawdown against tp/r;? and (b) the derivative of dimensionless drawdown with respect to In(tp), for different values of the

dimensionless parameter op .
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Fig. 8b shows log-log plots of the derivative of $p with respect
to the natural log of tp for different values of «p,. As can be seen
in the figure, and in harmony with the work of Illman and Neuman
(2000, 2001), the derivative approach accentuates the differences
between type-curves of different values of op .

Using pumping test data from Black and Kipp (1977) and the
solution developed here, we estimate the model parameters and
compare them to those obtained by Black and Kipp (1977). We
use the type-curve approach in the manner of Black and Kipp
(1977) to estimate the parameters. The main difference with the
type-curve approach of Black and Kipp (1977) is that, for the model
developed here, one has to generate multiple type-curve plots, of
the form shown in Fig. 8, for different values of «p, the hydraulic
diffusivity of the zone of influence. The drawdown based type-
curve approach is used here for illustrative purposes. Fig. 9 shows
the results of drawdown based type-curve procedure. The data fit
shown in the figure was obtained for the dimensionless parameter
values of op =0.1 and apy = 1.0. The coordinates of the match
point are (Sp,tp/rZ) = (10,1) and (5,t) = (28.0,0.445). Given that
1. =80m, the hydraulic diffusivity of the aquifer is
o =228 x 10° m?/min. Black and Kipp (1977) obtained « =
2.44 x 10° m?/ min, which compares well to the estimate obtained
here. Additionally, given the aquifer thickness b =83 m, the
hydraulic conductivity of the aquifer is K = 2.24Qx 10> m/ min,
where Q is pumping well discharge rate. Hence, given the pumping
rate, estimates for aquifer hydraulic conductivity and specific stor-
age can be obtained. The ratio op/oapw =0.1 leads to
S = SCW/(ch3) for the specific storage of the region of influence.
Hence, given the wellbore storage coefficient C,, one can estimate
the parameters K’ and S..

The derivative of drawdown data with respect to In(t) was
approximated using central differences, and the results of the
derivative based type-curve fit are shown in Fig. 10. The best fit
was obtained for dimensionless parameter values of op = 1072
and ¢p,, = 107", both of which are an order of magnitude smaller
than the respective values obtained with the drawdown based
type-curve method. Using coordinates of the match point shown
in the figure, estimates of o =7.57 x 10° m?/min and K =
5.58Q x 10~ m/min for the aquifer hydraulic diffusivity and con-
ductivity, respectively. As in the above analysis, S, = 5C,/(nb?).
The differences in parameter estimates yielded by the two type-
curve methods illustrate the fact that the derivative approach
tends to accentuate the differences between type-curves corre-
sponding to different values of the parameter op,. Despite the

10
10!
100 |
10° Match point
2 €
é (%)
% o’
(7]
107
2 ,a | H{min) ‘
107" / 10° 10" 102 103 10*
10_2 2 ‘1 ’ ‘O 1 ‘2 3
10° 10° 10 10 10 10
tD/rE)2

Figure 9. Type-curve fit of observed drawdown data (after Black and Kipp (1977)),
with match point coordinates of (tp/r;?,5p) = (10,1) and (t,s) = (28.0,0.445).
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Figure 10. Derivative based type-curve fit to the derivative of drawdown data
(after Black and Kipp (1977)) with respect to In(tp). The match point coordinates are
(tp/r32,tpdsp/dtp) = (10,3) and (t, tds/t) = (8.45,0.52).

greater noise level in the derivative data, it is still easier to graph-
ically distinguish between type-curves than with traditional type-
curve approach. The type-curve methods illustrated here both
yield estimates of parameters K, K’, S; and S;, given the pumping
rate and the wellbore storage coefficient.

Conclusion

We have proposed here a solution that allows for head continu-
ity at the wellbore-formation interface leading to drawdown at the
wellbore-formation interface that varies with position (i.e. in the
tangential direction) around the wellbore. This variation of head
with position around the wellbore, slight as it may be, yields the
hydraulic gradients necessary to generate the flow of fluid through
the wellbore. Mathematically, this variation arises due to the forc-
ing function at ., the Theis solution, which is a function of 0 in the
local observation well coordinate system. The solution developed
in this work can, in addition to estimates of formation conductivity
and specific storage, yield estimates of the hydraulic conductivity
and specific storage of the zone of influence. The solution also
has the ability to predict the effect of the observation well on
drawdown response in a finite region of influence in the vicinity
of the well. This is what sets it apart from the model of Black
and Kipp (1977), which modifies formation response only at the
observation well. The ability to model nonlinear fluid flow in the
vicinity of a observation well is critical when analyzing flow and
transport of contaminants in a wellfield with closely spaced wells.

The type-curve approach of the form used by Black and Kipp
(1977) can also be used with the model developed here using the
type-curves shown in Fig. 8. The type-curves are a family of curves
corresponding to different values of op,. For cases where these
type-curves are not significantly different for different values op,,
the ambiguity in the graphical estimation of hydraulic parameters
may be minimized by used of derivative based type-curves pro-
posed by Illman and Neuman (2000, 2001). The type-curves based
on the derivative of drawdown with respect to the natural log of
time are known to accentuate wellbore storage effects allowing
for more unique parameter estimates in cases where drawdown
based type-curves are not significantly dissimilar for different
parameter values. However, a measure of ambiguity still remains
in selecting the value o given that field data may fit type-curves
of different values of «p equally well. In such instances it may be
more preferable to use parameter estimation routines such as PEST
Doherty (2002).
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Appendix A

Using the method of separation of variables, since Eq. (7) is lin-
ear and homogeneous and the boundary conditions in 6 are homo-
geneous, we decompose $p as

S‘D(T'D7 9, tD) = §D,1 (9)31_‘)_2(7'[)7 tD), (Al)

and substitute this into Eq. (1). This leads to the following eigen-
value problem:

2§D1
d()z. —+ /"LSDJ = 07 (AZ)

where / is the separation constant. Eq. (A.2), to determine the sep-
aration constant, is solved subject to periodicity conditions

Sp1(0=m) =3p1(0 = —m), (A3)
and
dSp, . dSp,

d@ 0=m B d@ 0:—Tt. (A4)

Separation of variables also leads to the following equation for
Spa2(rp, tp):

1 05p, 10 0Sp 2 A

OTD oty E a <TD oD ) - %SD‘L (A.5)

which is solved subject to

S'D‘z(rp, 0) = 07 (AG)

502(Tp s, 4, tp) = Sp(4, Ip), (A7)
R 1

(TD aSD,2> _ 765972 . (AS)
orp Tp=Tpw % otp p=Tpw

Solving the eigenvalue problem given in Egs. (A.2)-(A.4) yields
the eigenvalues /, = n?, withn = 0,1, 2, ..., and the eigenfunctions

Sp1~{cos(n0),sin(no)}. (A.9)

Note that the case n = 0, which corresponds to a constant in 0
being an eigenfunction, is also included. Further, taking the Laplace
transform of Egs. (A.5) and (A.8), applying the initial condition in
Eq. (A.6) and setting z = rp+/p/op, where p is the Laplace transform
parameter, leads to

d*Sp, _dspa -
z2 iz T (22 +n*)sp, =0, (A.10)
and
dgn,z D = .
Z dZ 7@5[}2 - 0, (All)

=2y

where z,, = rp,/p/0p. The solution to Eq. (A.10) subject to (A.11) is
$p2 = Clln(2) — WnKn(2)] (A12)

where c is an arbitrary constant in z, I,,(z) and K,(z) are the nth-or-
der modified Bessel functions of the first and second kind,
respectively.
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