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We investigate the response of the saturated zone (unconfined aquifer) to evapotranspiration (ET) flux at
ground surface. We neglect fluid flow and storage in the unsaturated zone and treat ET as a sinusoidal
forcing function at the watertable. The linearized kinematic condition is imposed at the watertable. Ana-
lytical solutions are developed for the case of flow in a domain of (a) semi-infinite extent to simulate
response in a domain bounded by a river and (b) infinite lateral extent to simulate the response in a
domain with no river boundaries. These solutions are fitted to observed groundwater head fluctuations
recorded in observation wells at the Boise Hydrogeophysical Research Site in Idaho and the Larned
Research Site in Kansas. Estimates of the amplitude of the ET flux, aquifer hydraulic conductivity, specific
storage and specific yield are obtained and these compare well to published results from pumping tests
conducted at the site. The field exercise is used to explore the potential for using groundwater head fluc-
tuations to estimate ET and hydraulic parameters of unconfined aquifers.

� 2009 Elsevier B.V. All rights reserved.
Introduction

The principal mechanism of groundwater discharge in arid and
semi-arid regions is through evapotranspiration (ET) from bare soil
and phreatophytes (Nichols, 1993). Phreatophytes are deep-rooted
plants, such as cottonwood (Populus spp.), greasewood (Sarcobatus
vermiculatus), saltcedar (Tamarix chinensis), and Arizona mesquite
(Prosopis velutina), that obtain water from a permanent ground
supply or from the saturated zone. Hence, in riparian zones with
predominantly phreatophyte vegetation, it is common for hydro-
graphs from wells installed in the saturated zone to display a char-
acteristic pattern of diurnal fluctuations (Butler et al., 2007a).
White (1932) developed a method for estimating the ET flux asso-
ciated with groundwater consumption by phreatophytes from
these diurnal fluctuations of saturated zone water levels. In this ap-
proach, ET is computed according to the relation ET ¼ Syds=T þ Q
where Sy is specific yield, ds [L] is the residual drawdown between
the two adjacent maxima of groundwater level fluctuations, T is
the time elapsed between the two maxima and Q [L/T] is the net
recovery rate of groundwater. Loheide et al. (2005) used a satu-
rated–unsaturated flow numerical simulation to assess the useful-
ness of the method of White (1932) and concluded that the method
tends to significantly overestimate ET if the effects of depth to
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watertable and drainage time on specific yield are neglected. They
provided guidelines for estimating specific yield for use with the
method of White (1932) to more accurately quantify ET.

Recently, Gribovszki et al. (2008) modified the method of White
(1932) in an attempt to more correctly estimate the net recovery
rate of groundwater, Q. Using the Dupuit approximation for satu-
rated zone flow they were able to relate Q to water level fluctua-
tions. For saturated zone flow that is predominantly vertical, they
proposed the relation Q ¼ KzðH � hÞ=‘, where h is the groundwater
elevation, H the hydraulic head at some depth ‘ below a reference
level and Kz is the vertical hydraulic conductivity of the saturated
zone. The parameter ‘ can be taken to equal the thickness of the
aquifer, and H can be estimated from predawn data where ET is
negligible, as H ¼ h� ‘ Syds=ðTKzÞ.

None of the works cited above have developed an analytical
model to describe the diurnal head fluctuations of groundwater
due to evapotranspiration and step changes in river stage. It is
therefore, the objective of this work to develop analytical models
describing these diurnal head fluctuations of groundwater by solv-
ing the transient saturated zone flow problem in which the ET flux
is treated as a forcing function at the watertable and river stage is
imposed as a time varying Dirichlet boundary condition. We solve
the saturated zone flow problem on lateral domains of (a) semi-
infinite and (b) infinite extent. The solution obtained on the
semi-infinite interval simulates the response in a domain bounded
by a river, whereas that on the infinite interval simulates the re-
sponse in a domain with no river boundaries. In the development
of these solutions, it is assumed that all the water discharged
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Nomenclature

Kz vertical hydraulic conductivity of aquifer ðLT�1Þ
Kx horizontal hydraulic conductivity of aquifer ðLT�1Þ
Ss specific storage of aquifer ðL�1Þ
Sy specific yield
b initial saturated thickness of aquifer ðLÞ
s head change ðLÞ

t elapsed time since Rn became positive ðTÞ
z vertical distance from aquifer base ðLÞ
Q evapotranspiration amplitude ðLT�1Þ
p Laplace transform parameter
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Fig. 1. Schematic of the conceptual model of the evapotranspiration and subsurface
flow problem for the case of (a) a semi-infinite flow domain bounded by a river, and
(b) a domain of infinite lateral extent, with evapotranspiration from a finite strip of
surface vegetation.
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through evapotranspiration comes entirely from the saturated
zone. This assumption was adopted by White (1932) and is valid
in riparian zones where phreatophytes are the predominant means
of groundwater discharge to the atmosphere. In fact, Shah et al.
(2007) found, through numerical simulations coupling vadose
and saturated zone flow, that if the watertable lies within a half
meter below land surface, almost all ET comes from groundwater.

In developing the solutions presented herein, the watertable is
treated in the manner of Neuman (1972) as a moving material
boundary and flow in the unsaturated zone is ignored, given that
the drawdowns induced by evapotranspiration are typically small.
The model results were generated with a piecewise sinusoidal ET
forcing function at the watertable. The piecewise sinusoidal nature
of the evapotranspiration flux is supported by ground station mea-
surements of latent heat flux (Bisht et al., 2005; Batra et al., 2006)
as well as by direct measurements of plant sap flow (Cienciala
et al., 2000; O’brien et al., 2004), and has been used by Puma
et al. (2005). A significant contribution of this work is that when
evapotranspiration is well characterized, the solutions can be used
to characterize the saturated zone by an inversion scheme of the
diurnal head fluctuations. The converse is also true, that if the
unconfined aquifer is well characterized, the solution may be used
to estimate surface evapotranspiration. Additionally, it is demon-
strated herein, that hydraulic parameters and the parameters that
characterize the ET flux can be determined jointly, given sufficient
data. However, the problem is less ill-posed if one set of parame-
ters is well characterized by some other method. In the sections
that follow we present the mathematical formulation of the prob-
lem, develop and discuss the solutions and fit the model to field
data from Loheide et al. (2005) and Butler et al. (2007a).

Mathematical formulation and solution

We consider here the response of the hydraulic head in an
unconfined aquifer (saturated zone below watertable) to an areal
fluid flux at the watertable. We will consider two-dimensional flow
in an aquifer of finite vertical (0 < z < b) extent and (a) semi-infi-
nite lateral extent (0 < x <1) bounded by a river at x ¼ 0, as de-
picted in Fig. 1a and b infinite lateral extent (�1 < x <1), as
depicted in Fig. 1b. For the flow problems considered here, the
head change, s, from an initial static state is governed by the
equation

@sD

@tD
¼ j

@2sD

@x2
D

þ @
2sD

@z2
D

; ð1Þ

expressed in nondimensional form, where sD ¼ s=Hc , Hc is some
characteristic head to be defined later, j ¼ Kx=Kz; tD ¼ azt=b2

; az

¼ Kz=Ss; xD ¼ x=b; zD ¼ z=b; ðx; z; tÞ are the space-time coordinates,
b is the initial thickness of the saturated zone, Kx and Kz are hori-
zontal and vertical hydraulic conductivities, respectively, and Ss is
the specific storage. For all the cases discussed below, Eq. (1) is
solved subject to the initial condition

sDðxD; zD; tD ¼ 0Þ ¼ 0; ð2Þ
and the boundary conditions

@sD

@zD

����
zD¼0
¼ 0; ð3Þ

at the base of the aquifer, implying no leakage from the underlying
formation, and

� @sD

@zD

����
zD¼1
¼ 1

r
@sD

@tD

����
zD¼1
� fDðtDÞ; ð4Þ

at the watertable, where r ¼ bSs=Sy; Sy is specific yield, zD ¼ 0 is the
base of the aquifer, zD ¼ 1 is the initial position of the watertable
and fDðtDÞ is the ET flux function at the watertable expressed in non-
dimensional form. For fDðtDÞ ¼ 0 Eq. (4) is simply the linearized
kinematic condition used by Neuman (1972) in the delayed gravity
response model for unconfined aquifer flow. The watertable is trea-
ted as a moving material boundary and flow in the unsaturated
zone is ignored. In the following two sections we outline the addi-
tional boundary conditions needed to solve the above flow problem
as well as the respective solutions for the semi-infinite and infinite
flow domains.

ET–river–groundwater interaction

The solution developed here is for two-dimensional flow in an
unconfined aquifer, bounded by a river, in response to evapotrans-
piration and temporal fluctuations in river stage. For this case, Eq.
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Fig. 2. The piecewise smooth function of the evapotranspiration flux at the
watertable.
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(1) is solved on the semi-infinite domain 0 < xD <1 subject to the
additional Dirichlet boundary conditions

sDð0; zD; tDÞ ¼ rDðtDÞ; ð5Þ

at the edge of the river, and

lim
xD!1

sDðxD; zD; tDÞ ¼ 0: ð6Þ

The function rDðtDÞ describes the temporal variations in river stage.
The boundary condition given in Eq. (6) implies that there are no
head fluctuations far from the river.

Using Laplace (in tD) and Fourier sine (in xD) transforms, it can
be shown (see Appendix ‘‘Solution of flow equation”) that the solu-
tion to this flow problem is

�s�D ¼ �s�D;r þ �s�D;et; ð7Þ

where �s�D;r is the aquifer response to river stage fluctuations, and is
given by

�s�D;r ¼
2
p

jn
g2 1� p

r
�u�D

h i
�rDðpÞ; ð8Þ

and �s�D;et is the aquifer response to the ET forcing, and is given by

�s�D;et ¼
2
pn

�u�D
�f DðpÞ: ð9Þ

The function �u�Dðn; zD; pÞ is given by

�u�Dðn; zD; pÞ ¼ gðn;pÞ coshðgzDÞ; ð10Þ

where p and n are the Laplace and Fourier sine transform parame-
ters, respectively, g2 ¼ pþ jn2; �s�D ¼LSfsDg the double Laplace
and Fourier sine transform of dimensionless head fluctuation,
�rDðpÞ ¼LfrDðtDÞg and �f DðpÞ ¼LffDðtDÞg are the Laplace transforms
of dimensionless river stage and evapotranspiration flux functions,
respectively, and

gðn; pÞ ¼ g sinhðgÞ þ ðp=rÞ coshðgÞ½ ��1
: ð11Þ

This solution describes temporal head changes in the saturated
zone in response to the forcing functions f ðtÞ at the watertable,
and rðtÞ at x ¼ 0. The inverse transforms are obtained numerically.

ET–groundwater interaction

The solution developed here is for the diurnal head fluctuations
of the unconfined aquifer in response to evapotranspiration only.
The solution is useful far enough from the influence of, or in the ab-
sence of a river boundary. Eq. (1) is solved on the infinite domain
�1 < xD <1, with the evapotranspiration flux function nonzero
over the symmetric interval xD 2 ½�aD; aD� and vanishing identically
elsewhere, with aD ¼ a=b being the normalized half-width of the
vegetation strip. Using the Laplace and Fourier transforms, it can
be shown that the solution to this problem is given by

�s�D;etðn; zD; tDÞ ¼
sinðaDnÞ

pn
�u�D

�f DðpÞ; ð12Þ

where �s�D ¼LFfsDg is the double Laplace and Fourier transform of
dimensionless head fluctuation, �u�D has the same form as that in Eq.
(10) and n is the Fourier transform parameter. The inverse trans-
forms for this case are also obtained numerically.

The ET flux function

We assume here that all the water discharged through evapo-
transpiration comes entirely from the saturated zone. We also ne-
glect the contribution of the vadose zone to the storage of water
and to evapotranspiration. This assumption was adopted by White
(1932) who found it to be valid for riparian zones where phreato-
phytes are the predominant means of groundwater discharge to
the atmosphere. Recently, Shah et al. (2007) found, through
numerical simulations coupling vadose and saturated zone flow,
that if the watertable is within a half meter below land surface, al-
most all ET comes from groundwater. Hence, for our purposes, it is
sufficient to assume that the ET flux function f ðtÞ is obtainable
from the Priestley–Taylor equation which has the form (Batra
et al., 2006)

kET ¼ /
D

Dþ c

� �
ðRn � GÞ; ð13Þ

where k is the latent heat of vaporization of water (Jkg�1), ET is
evapotranspiration mass flux (kg m�2 s�1), / is the parameter that
accounts for aerodynamic and canopy resistance, D the slope of
the saturated vapor pressure curve (a function of air temperature,
Ta), c the psychrometric constant (kPa=K), Rn the net heat radiation
(Wm�2), and G is the soil heat flux (Wm�2). Bisht et al. (2005) pro-
posed a sinusoidal model for estimating the diurnal net radiation
cycle following the work of Lagouarde and Brunet (1993) on the
diurnal cycle of surface temperature. The model of Bisht et al.
(2005) has the form

RnðtÞ ¼ Rn;max sinðxtÞ; ð14Þ

where t is the elapsed time since trise; Rn;max is the maximum value
of Rn estimated during the day, x ¼ p=tday; tday ¼ tset � trise and, trise

and tset are the respective local times at which Rn becomes positive
and negative. Additionally, using the scheme of Moran et al. (1989)
and Batra et al. (2006) show that soil heat flux, G, is directly propor-
tional to net radiation. It follows then that, of a single diurnal cycle,
the evapotranspiration function, f ðtÞ, has the following piecewise
smooth form Batra et al., 2006

f ðtÞ ¼ ET
q
¼

Q sinðxtÞ 8t 2 ½0; tday�
0 8t > tday;

�
ð15Þ

where q is the density of water and Q is the amplitude of the evapo-
transpiration flux at the watertable, given by Batra et al., 2006

Q ¼ Rn;max/D
qkðDþ cÞ 1� 0:583e�2:13NDVI

� �
; ð16Þ

where NDVI is the normalized vegetation index. Fig. 2 shows the
function f ðtÞ over a 24 h period. The piecewise nature of the evapo-
transpiration flux is supported by ground station measurements of
latent heat flux (Bisht et al., 2005; Batra et al., 2006) as well as by
direct measurements of plant sap flow (Cienciala et al., 2000;
O’brien et al., 2004) and has been used by Puma et al. (2005). In
nondimensional form, with the characteristic head defined as
Hc ¼ Qb=Kz, the evapotranspiration flux function is
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fDðtDÞ ¼
sinðxDtDÞ 8tD 2 ½0; tD;day�
0 8tD > tD;day;

�
ð17Þ

where xD ¼ xb2
=az and tD;day ¼ aztday=b2.
Model predicted aquifer response

It is usually the case that the diurnal head fluctuations are mea-
sured with a pressure transducer placed in an observation well that
is screened over the entire saturated thickness. In this case, the
measured head fluctuations are depth averaged. One then has to
replace �u� with

h�u�Dðn; pÞi ¼
gðn; pÞ

g
sinhðgÞ; ð18Þ

in Eqs. (8), (9) and (12). Additionally, with the ET flux function de-
fined according to Eq. (17), the drawdown response, sD;cyðzD; tDÞ, for
a complete diurnal cycle is

sD;cyðzD; tDÞ ¼
sDðzD; tDÞ 8tD 2 ½0; tD;day�
sDðzD; tDÞ þ sDðzD; tD � tD;dayÞ 8tD > tD;day;

�

ð19Þ

where the recovery phase requires addition of the term
sDðzD; tD � tD;dayÞ since the sine function is negative. All the results
presented below are computed using Eq. (19).

The inverse Laplace and Fourier transforms of aquifer head re-
sponse are obtained numerically in this work. The Laplace trans-
forms are inverted using the fixed Talbot (FT) algorithm (Abate
and Valko, 2004) whereas inverse Fourier transforms are obtained
by numerical integration routines available in MATLAB. All the
computations are performed in MATLAB and the routines devel-
oped for this purpose are available from the authors upon request.
For all the model results presented in this section, we set
Kx ¼ Kz ¼ 4� 10�4 m/s, Ss ¼ 3� 10�5 m�1; Sy ¼ 0:25, and b ¼
20 m. For the infinite domain (ET only) flow problem, the vegeta-
tion strip was restricted to a half-width of aD ¼ 3:0.

The plots in Fig. 3 show the variation of the predicted response
of the aquifer at different vertical positions from the base of the
saturated zone. The plots show the predicted response of the satu-
rated zone for a domain of (a) semi-finite lateral, with a constant
river head (rDðtDÞ ¼ 0) and (b) infinite lateral extent. The depth
average solution is also shown in each of the plots. In the figure,
zD ¼ 0:0 and zD ¼ 1:0 correspond to the base of the aquifer and
the initial position of the watertable, respectively. The response
function plotted in the figure is periodic with a period of 1 day.
Both plots indicate the obvious net upward flow of water initially,
followed by a recovery period afterward. This is indicated by the
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extent.
fact that drawdown at the watertable (zD ¼ 1:0) peaks first, with
the time of peak drawdown shifting to the right with increasing
depth from the watertable. The results in Fig. 3a, for the semi-infi-
nite domain problem, were computed at xD ¼ 5:0, where as those
in (b), for the infinite domain, were obtained at xD ¼ 0. Hence,
the differences in magnitudes in the responses are due to the fact
that results in (a) were obtained far from the river boundary (five
times the saturated thickness), where as those in (b) were obtained
directly in the center of the ET strip.

The depth averaged response, which corresponds to the re-
sponse measured with a pressure transducer placed in a well that
is screened across the entire saturated thickness, shows that after a
full period (1 day), the recovery of the aquifer head is incomplete.
The head residual at the end of a 24 h cycle, ds [L], can be used to
estimate the groundwater consumption (net loss to atmosphere)
by phreatophytes. The net volumetric groundwater consumption
per unit area due to incomplete recovery during the period of zero
ET, is given by Syds. The figure also shows that peak drawdown lags
behind the peak evapotranspiration flux imposed at the
watertable.

Fig. 4 shows the response of the saturated zone to ET at differ-
ent lateral positions from (a) the edge of the river in the domain of
semi-finite lateral extent and (b) from the center of the vegetated
area in the domain of infinite extent. The depth averaged draw-
down, hsDi, is plotted against time. The results in Fig. 4a show
the expected increase in drawdown as one moves away from the
river, which is a constant head Dirichlet boundary with
rDðtDÞ ¼ 0. Fig. 4b shows that maximum drawdown is at the center
of the vegetated area. Some of the drawdowns for the river
bounded domain are larger than those for the unbounded domain
owing to the relative positions on the observation points: observa-
tion points far from the river boundary can shown larger draw-
downs than observation points in the unbounded domain that lie
outside the vegetation strip responsible for aquifer head changes.
It should be noted that the vegetation strip in the semi-infinite
flow domain covers the entire half-space, where as that in the infi-
nite flow domain problem, covers a finite strip as depicted in the
conceptual models in Fig. 1.

Specific yield, Sy, is an important parameter in the control of the
rate of watertable movement due to water flow into or out of the
saturated zone. Fig. 5 shows the effect of the specific yield on re-
sponse of the saturated zone to ET for the domain of (a) semi-finite
and (b) infinite lateral extent. Both graphs show the expected re-
sult that media characterized by small values of Sy experience
greater drawdown than those with larger values. This greater
drawdown associated with small values of Sy in turn leads to larger
drawdown residuals at the end of the diurnal cycle. It should be
noted however, that the rate of recovery increases with decreasing
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values of Sy, as indicated by the steeper slope of the recovery
branch of the diurnal head response curve for smaller values of
Sy in Fig. 5.

The response of the saturated zone to a unit step change in river
stage, for the case where ET is negligible, is shown in Fig. 6 for dif-
ferent lateral positions from the edge of the river. The results
shown in the figure are for the case where the head in the river
is increased instantaneously at tD ¼ 0. The values plotted are neg-
ative because the convention used in this work is that head de-
creases, termed drawdown, due to flow out of the saturated
zone, are positive. The results in the figure show that the model
developed here predicts the delayed gravity response (Neuman,
1972), typically observed during pumping tests in unconfined
aquifers, to step changes in river stage.

The results presented above all indicate that at the end of a
diurnal cycle, the head in the saturated zone does not recover com-
pletely to its initial state even in the presence of a river boundary.
The residual drawdown, ds, is associated with the net amount of
water consumed by phreatophytes. This residual leads to a linear
decrease in the saturated zone head as shown in Fig. 7. The model
predicted response shown in the figure is at xD ¼ 5:0 m over (a) a
5-day period with rðtÞ ¼ 0 for all t, and (b) a 10-day period with
a 3 cm step change in river stage at 4.5 days. For the results shown,
we have assumed the head residuals and the amplitude of the sur-
face ET flux are constant over the 5 day period. The linear decrease
in the saturated zone head predicted here has been observed in the
data collected at the Larned Research Site (LRS) near Larned, Kan-
sas, by Loheide et al. (2005) and Butler et al. (2007a). The slope of
the trend is controlled by the head residual at the end of each daily
cycle. Large residuals yield a steeper slope whilst small residuals
yield a lower slope. Hence, the slope of the linear trend would de-
crease with decreasing xD, the normalized distance from the edge
of the river (constant head) boundary, since the results in Fig. 4a
indicate that the head residual decreases with decreasing xD. The
slope of the linear trend would also decrease with increasing val-
ues of the specific yield, Sy, as smaller head residuals are associated
with larger specific yield values as the model results in Fig. 5
indicate.

Application to field data

In this section we fit the model developed herein to data of diur-
nal head fluctuations obtained at (a) the Boise Hydrogeophysical
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Research Site (BHRS) in Boise, Idaho and (b) the Larned Research
Site (LRS) in Larned, Kansas.

Boise hydrogeophysical research site

This site is situated next to the Boise river, which flows contin-
uously throughout the year. The aquifer at the BHRS is unconfined
Fig. 8. Site layout of the BHRS showing the well-field and the Boise river (after Barras
and is bounded to the southwest by the Boise River, and below by a
clay unit, which is continuous at the site. The aquifer, with a verti-
cal extent of about 16 m, consists of unconsolidated cobble and
sand fluvial deposits (Barrash and Clemo, 2002; Barrash and Rebo-
ulet, 2004; Barrash et al., 2006). The river stage varies significantly
from a winter low to a high following the spring snow melt in the
mountains upstream of the research site. The vegetation a the site
h and Reboulet, 2004). The diversion dam is to the southeast of site on the river.



Table 1
Estimated values of river-stage changes and daily amplitudes of evapotranspiration.

Day r (m) Q (mm/day)

1 0.129 3.8
2 0.129 3.5
3 0.133 3.3
4 0.137 3.1
5 0.137 2.5

 0

 0.01
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Fig. 10. Fit of the model to data collected at the Larned Research Site (data after
Butler et al., 2007a).
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is mostly Cottonwoods (Populus spp.), which are know phreato-
phytes. Fig. 8 shows the location of the site, as well as the wells
in which the data analyzed here were collected.

We consider here the aquifer response data obtained over a 5-
day period in the summer of 2008 at the BHRS. The data are shown
in Fig. 9a. The data were obtained in a well located in the center of
the well-field, at 75 m from the edge of the river. They show the
response of the aquifer to river-stage fluctuations and evapotrans-
piration. The effect of river-stage change is most pronounced dur-
ing the 1st day of data acquisition. Fig. 9b shows the fit of the
solution developed herein on the semi-infinite domain, to the data.
The parameters obtained from inversion of the data where the riv-
er-stage changes during the 1st, 3rd, and 4th days of data acquisi-
tion, hydraulic conductivity, and the amplitude of the
evapotranspirations signal on each of the 5 days. These parameters
were obtained as follows:

1. river-stage change, hydraulic conductivity, and evapotrans-
piration amplitude for days 1 and 2, were first obtained from
the data collected on days 1 and 2,

2. the evapotranspiration amplitude and river-stage change
during day 3 were estimated from day 3 data,

3. the evapotranspiration amplitude and river-stage change
during day 4 were estimated from day 4 data, and

4. the evapotranspiration amplitude during day 5 were esti-
mated from day 5 data.

The hydraulic conductivity determined from day 1 and 2 data
was used for days 3, 4, and 5.

During the parameter estimation exercise, the specific storage
and specific yield were fixed at 3:8� 10�6 m�1 and 0.05, respec-
tively, values determined from pumping test data. The hydraulic
conductivity estimated from the data in Fig. 9 was
K ¼ 3:4� 10�4 m=s, which is comparable to estimates from
pumping test data for the site (Barrash et al., 2006). The aquifer
was assumed to be isotropic. A summary of the estimated river-stage
changes and the amplitudes of evapotranspiration, is given in Table
1. A piecewise constant function definition was used for the river-
stage function, which corresponds to step-increases (or decreases)
in river stage.

The model for the semi-infinite domain bounded by a river, fits
the data well. This field exercise demonstrates that data collected
from passive monitoring of wells can be used to estimate aquifer
parameters, in particular, hydraulic conductivity. The model could
also be used to invert data for daily ET amplitudes, as well as river-
stage changes, where other methods of direct measurement are
not available.
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Fig. 9. (a) Head data collected at the Boise Hydrogeophysical Research Site and (b)
evapotranspiration (solid curve is for same ET amplitude for days 4 and 5, dashed is for d
Larned Research Site

This site was established to study riparian zones characteristic
of the High Plain region of the United States (Butler et al.,
2007a). The site, as described in Butler et al. (2007a), is located
adjacent to a USGS stream-gauging station on the Arkansas River
near Larned, Kansas. It is known to overlie an unconfined, coarse-
sand and gravel aquifer. The predominant phreatophyte vegetation
at the site are cottonwoods (Populus spp.), with some mulberry
(Morus spp.) and willow (Salix spp.), a combination representative
of native riparian zone vegetation of the High Plain region (Butler
et al., 2007a; West and Ruark, 2004).

The unconfined aquifer at the site is in direct hydraulic con-
nection with the Arkansas River, which flows intermittently (But-
ler et al., 2007a). The model developed in ‘‘ET–river–
groundwatwer interaction” would be used to model aquifer re-
sponse during the periods of river flow, whereas that developed
 0.82
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model fit to the data reflecting the effects of both river-stage fluctuations and
ifferent ET amplitudes for days 4 and 5, and dotted curve shows river stage effects).
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in ‘‘ET–river interaction” would be used during periods of no river
flow. Fig. 10 shows the fit of the model to measured diurnal head
fluctuations in a watertable aquifer at the LRS for the 4-day per-
iod of July 14–18 in 2003. A constant daily ET amplitude was as-
sumed for the whole 4-day period, which may explain the model
deviation from data after day 2. In practice, the ET amplitude var-
ies from day to day controlled chiefly by the daily maximum tem-
perature. We used a constant value to simplify the analysis,
though the model can handle the daily variability of ET
amplitude.

The hydraulic parameters estimated by nonlinear least squares
were Kx ¼ Kz ¼ 6:31� 10�4 m/s, Ss ¼ 5:66� 10�5 m�1, and
Sy ¼ 0:196. The amplitude of the ET signal, responsible for the ob-
served groundwater head fluctuations, was estimated at
Q ¼ 9:14� 10�8 m/s (7.9 mm/day). Since, as reported by Butler
et al. (2007a), there was no flow in the Arkansas river during the
4-day period when the data were collected, we used the infinite
lateral domain solution, with a riparian zone of finite extent, for
the forward model in the parameter estimation scheme.
Summary

In this work we have, for the first time in the hydrology litera-
ture, developed analytical solutions to the problem of groundwater
flow in response to evapotranspiration. The solutions developed
here are for the saturated zone below the watertable (unconfined
aquifers). These solution can be used to invert diurnal groundwater
head fluctuations for the daily amplitude of ET flux when the sat-
urated zone is well characterized hydraulically, or conversely, for
saturated zone hydraulic parameters when the ET flux at the
watertable is well characterized.

In principle, it is also possible to use this solution to estimate
both the daily amplitude of ET flux and hydraulic parameters
from measurements of diurnal head fluctuations. This has been
demonstrated herein by inversion of head fluctuation data from
the BHRS and the Larned Research Site for aquifer hydraulic con-
ductivity, the daily amplitude of ET flux and river-stage changes.
The models can, in principle, also be used to estimate specific
storage and specific yield, as demonstrated by the Larned Re-
search Site example.

For the BHRS example, the hydraulic conductivity estimated
with the model developed herein compares well to published
values for the research site (Barrash et al., 2006). No direct
measurements of ET are available for the research site to which
the values determined in this work could be compared. How-
ever, values of about 3 mm/day for the ET flux amplitude, seem
reasonable for the BHRS. Work is presently underway to mea-
sure the ET fluxes at the BHRS using the eddy covariance
methods.

For the Larned Research Site, the estimate of ET flux amplitude,
Q ¼ 7:9 mm/day, obtained in this work compares favorably to the
value of Q ¼ 9:3 mm/day reported by Butler et al. (2007a) for the
4-day period of July 14–18 in 2003. Butler et al. (2007a) also report
that McKay et al. (2004) estimated a specific yield of
Sy ¼ 0:19� 0:21, which agrees well with the value obtained herein
of Sy ¼ 0:196. Butler et al. (2007b) report a conductivity value of
K ¼ 9:1� 10�4 m/s estimated from pumping tests described in
Butler et al. (2004). This value is in close aggreement with the va-
lue estimated with the model developed in this work. There are no
published estimates of specific storage at the Larned Research Site
to which the value estimated here can be compared. However, it
can be stated that the value of Ss ¼ 5:66� 10�5 m�1 estimated
herein seems reasonable for alluvial deposits of the kind present
at the site.
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Solution of flow equation

First, one takes the Laplace transform of Eq. (1), leading to

p�sD ¼ j
@2�sD

@x2
D

þ @
2�sD

@z2
D

; ðA-1Þ

with the boundary conditions given by

lim
xD!1

�sDðxD; zD; pÞ ¼ 0; ðA-2Þ

@�sD

@zD

����
zD¼0
¼ 0; ðA-3Þ

at the base of the aquifer, implying no leakage from the underlying
formation, and

� @
�sD

@zD

����
zD¼1
¼ p

r
�sD

���
zD¼1
� �f DðpÞ; ðA-4Þ

where p is the Laplace transform parameter, �sD ¼LfsDg;�rD ¼LfrDg
and �f D ¼LffDg.

Semi-infinite flow domain

To solve the flow problem on the semi-infinite domain, simulat-
ing an aquifer bounded by a river, one takes the Laplace transform
of the river boundary condition, leading to

�sDð0; zD; pÞ ¼ �rDðpÞ; ðA-5Þ

Next, one takes the Fourier Sine transform of Eqs. (A-1), (A-2), (A-3),
(A-4), in xD, leading to

@2�s�D
@z2

D

� g2�s�D ¼ �
2nj
p

�rDðpÞ; ðA-6Þ

where g2 ¼ pþ jn2; �s�D ¼Sf�sg ¼LSfsg, and the boundary condi-
tions are

@�s�D
@zD

����
zD¼0
¼ 0; ðA-7Þ

and

� @
�s�D
@zD

����
zD¼1
¼ p

r
�s�D
���
zD¼1
� 2

pn
�f DðpÞ: ðA-8Þ

The general solution to Eq. (A-6) is

�s�D ¼ Aþ B coshðgzDÞ ðA-9Þ

where A and B are constants of integration. Using the boundary con-
ditions in Eqs. (A-7) and (A-8), it follows that

A ¼ 2jn
pg2

�rDðpÞ; ðA-10Þ

and

B ¼ 2
pn

�f DðpÞ �
p
r

A
� 	

gðn;pÞ: ðA-11Þ

Substituting Eqs. (A-10) and (A-11) into Eq. (A-9) leads to Eq. (7)
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Infinite flow domain

For the case of an infinite flow domain, one takes the Fourier
transform of Eqs. (A-1), (A-2), (A-3), (A-4), leading to

@2�s�D
@z2

D

� g2�s�D ¼ 0; ðA-12Þ

and the boundary conditions

@�s�D
@zD

����
zD¼0
¼ 0; ðA-13Þ

and

� @
�s�D
@zD
jzD¼1 ¼

p
r

�s�DjzD¼1 �
sinðanÞ

pn
�f DðpÞ: ðA-14Þ

where �s�D ¼Ff�sg ¼LFfsg. The general solution to Eq. (A-12) is

�s�D ¼ C coshðgzDÞ; ðA-15Þ

where, according to the boundary conditions,

C ¼ sinðanÞgðn;pÞ
pn

�f DðpÞ: ðA-16Þ

Substituting Eq. (A-16) into Eq. (A-15) leads to Eq. (12).

Depth average of solution

The depth average, h�s�Dðn; pÞi, of the aquifer response in the
transform space is obtained by integrating the point response,
�s�Dðn; zD; pÞ, across the entire saturated thickness. The integration
is defined by

�s�Dðn; pÞ

 �

¼
Z 1

0
�s�Dðn; zD;pÞdz: ðB-1Þ

On the semi-infinite flow domain, this integration (averaging),
when applied to Eq. (7) leads to

�s�Dðn; pÞ

 �

¼ �s�D;rðn;pÞ
D E

þ �s�D;etðn;pÞ
D E

ðB-2Þ

where

�s�D;rðn;pÞ
D E

¼ 2
p

jn
g2 1� p

r
�u�Dðn;pÞ

 �h i

; ðB-3Þ

�s�D;etðn;pÞ
D E

¼ 2
pn

�u�Dðn;pÞ

 ��f DðpÞ; ðB-4Þ

and

�u�D;etðn;pÞ
D E

¼
Z 1

0
�u�Dðn; zD;pÞdz ¼ gðn; pÞ

Z 1

0
coshðgzDÞdz

¼ gðn; pÞ
g

sinhðgÞ ðB-5Þ

as in Eq. (18). The same expression for �u�D;etðn;pÞ
D E

is obtained when
Eq. (12) is integrated with respect to z 2 ½0;1�. In that case, the
depth averaged response, �s�D;etðn;pÞ

D E
, is given by

�s�D;etðn;pÞ
D E

¼ sinðaDnÞ
pn

�u�Dðn;pÞ

 ��f DðpÞ: ðB-6Þ
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