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Figure 2. Semi-log plot of the dimensionless streaming potential response
of the aquifer,φD,1, againstt D/r2

D for different values ofzD with σ D,2 =
σ D,3 = 103.

which would be useful for estimating the hydraulic conductivity of
the aquifer. It should also be noted by comparing Figs 2 and 3 that,
whereas the change in electric potential attains a steady-state in the
con�ned aquifer, the same is not the case for that in the con�ning
units. This is due to the fact that the charge �ux into the aquifer
from the con�ning units is balanced by the charge �ux out of the
aquifer through the pumping well. In contrast, there is no source of
charge �ux into the con�ning units to balance the outward �ux into
the aquifer.

Fig. 4(a) is a plot of the dimensionless streaming potential re-
sponse of the upper con�ning unit,φD,2, against dimensionless
radial distance,r D, at different values of dimensionless time,t D.
The �gure shows the temporal evolution of the cone of potentials
around the pumping well. The cones of the potentials closely mimic
those of drawdown in the con�ned aquifer around the pumping well,
as can be seen by comparing plots (a) and (b) of Fig. 4. This is to

Figure 3. (a) Log–log and (b) semi-log plot of the dimensionless streaming potential response of the upper con�ning unit,φD,2, againstt D/r2
D for different

values ofzD with σ D,2 = σ D,3 = 103.

be expected since the extraction of water at the pumping well is the
forcing function for the self-potential response.

For the case where a pump is operated fromt D = 0 to t D =
τ D, the streaming potential response of the upper con�ning unit for
both the pumping and recovery periods in the upper con�ning unit
is given by

φR
D,2 = φD,2(rD, zD, tD) Š φD,2(rD, zD, tD Š τD), (48)

whereφD,2(r D, zD, t D Š τ D) � 0 for t D < τ D. For large values of
t D Š τ D, eqs (48) and (47) lead to the following result

φR
D,2(t) �

Q

4πb1K1

γ 	1

σ2 + σ3
ln

(
t

t Š τ

)
. (49)

A solution of this form was used by Rizzoet al. (2004) in their
analysis of recovery data; it is a special case of the more general
analytical solution developed above. Fig. 5 shows the response pre-
dicted by eq. (48) for different values ofτ D.

5 A P P L I C AT I O N T O F I E L D DATA

The model developed here was �tted to �eld data reported in Rizzo
et al. (2004), which was obtained at a test site located near Montalto
Uffugo, in the region of Calabria in Southern Italy. The aquifer at the
site, which we treat as con�ned, is a silty sand layer extending from
a mean depth of 11–55 m. It is bounded above by a shale formation
that is overlain with heterogeneous gravels in a silty sand matrix. A
shale substratum lies below the aquifer formation. A schematic of
the subsurface at the test site showing the major hydrostratigraphic
units is shown in Fig. 6. Electrical resistivity tomography results
obtained by Rizzoet al. (2004) and reproduced here in Fig. 7, show
that the different hydrostratigraphic units at the �eld site are not
of uniform thicknesses. In the conceptual model used to develop
the solution in this work, we assume that such units are of uniform
thicknesses. Our solution should thus be understood to be an ap-
proximation of actual system behaviour. Additional details of the
geology of the site, and on monitoring of the hydraulic and stream-
ing potential responses, may be found in Rizzoet al. (2004).

The experiment was conducted in 2003 July and involved pump-
ing continuously at a constant rate ofQ = 2.7× 10Š3 m3 sŠ1 for a
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Figure 9. Fit of model-predicted response to �eld data. The dashed lines are one standard deviation bounds on model �t (data after Rizzoet al. 2004).

pumping water from a con�ned aquifer. We adopted a three-layer
conceptual model, consisting of a homogeneous aquifer and homo-
geneous impermeable con�ning units. In reality, the aquifer may
be heterogeneous and the con�ning units may be multilayered and
heterogeneous. For homogeneous multilayered con�ning units, the
electrical properties of the units may be averaged to obtain the three-
layered conceptual model used here. The solution indicates that the
constant slope of the late-time surface self-potential data may be
used to provide estimates of aquifer hydraulic conductivity, if esti-
mates of the electrical properties of the aquifer and the con�ning
units are available from other geophysical methods.

The solution was applied to �eld measurements obtained by Rizzo
et al. (2004), yielding average values of 2.2× 10Š6 m sŠ1 and
4.7 × 10Š7 mŠ1 for hydraulic conductivity and speci�c storage,
respectively. The estimation standard deviations of these parameters
are given in Table 1. Using hydraulic head data, Rizzoet al. (2004)
estimated these parameter values to be 2.8× 10Š6 m sŠ1 and 1.1
× 10Š4 mŠ1, respectively. Whereas using eq. (49), one can only
estimate hydraulic conductivity from streaming potential data, as in
Rizzo et al. (2004), we have demonstrated here that one can also
obtain estimates of speci�c storage using the model developed in
this work.
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Table 2. Normalized estimation variances associated with parameter esti-
mates reported in Table 1.

Electrode ˆσ 2
K σ̂ 2

S σ̂ 2
σ,2 σ̂ 2

σ,3

11 3.1 13.2 13.3 29.3
13 2.3 8.9 8.5 24.5
20 4.0 7.8 7.6 19.8
35 0.6 3.5 3.3 2.4
40 3.4 16.4 16.1 25.6
47 2.0 7.3 7.4 13.4

Table 3. Summary statistics of the residuals for the indicated electrodes.

Electrode
∑


2
e,i (V2̂) μ
 (V) σ 2


 (V2̂) max(
) (V)
(× 10Š5) (× 10Š6) (× 10Š7) (× 10Š3)

11 8.26 2.4 4.7 1.6
13 7.87 Š0.9 4.4 1.6
20 7.64 Š2.6 4.3 2.0
35 12.3 Š24.2 6.9 2.2
40 8.18 3.5 4.6 1.6
47 4.88 Š8.3 2.8 0.8

It should be noted, however, that the values of speci�c storage
estimated from the transient recovery data of streaming potentials
are signi�cantly smaller than those obtained by Rizzoet al. (2004)
from direct measurements of head using observation wells. The
normalized estimation variances reported in Table 2 indicate that
the estimation uncertainty associated with speci�c storage is larger
than that associated with hydraulic conductivity. This may indicate
that speci�c storage is a more dif�cult parameter to estimates with
the analytical approach presented here. It is also worth noting that
the larger values of speci�c storage estimated from hydraulic head
data may partly be due to the fact that hydraulic head data were
not corrected for pumping well and observation well storage. The
observation and pumping wells were 20 cm in diameter, and hence,
had signi�cant wellbore storage that would lead one to overestimate
aquifer speci�c storage. Mucha & Paulikova (1986) demonstrated
that if the effect of wellbore storage is not accounted for in the for-
ward model used in parameter estimation, it can lead to signi�cant
(one or more orders of magnitude depending on wellbore radius)
overestimation of aquifer speci�c storage. This is due to the fact
that wellbore storage leads to a lag in drawdown response, which
for the classical Theis (1935) solution translates into high aquifer
storage. Another reason for the mismatch may be that only recovery
self-potential data were used whereas head data for both the pump-
ing and recovery phases were used in Rizzoet al. (2004). Using
pumping phase self-potential data may improve the correspondence
between self-potential and hydraulic head based estimates of spe-
ci�c storage.

In addition to yielding estimates of hydraulic conductivity and
speci�c storage, the solution developed in this work yielded esti-
mates of the electrical conductivities of the upper and lower con�n-
ing units that compare well to the values estimated by Rizzoet al.
(2004) using electrical resistivity tomography. This demonstrates
that one can in principle, estimate, not only the hydraulic conduc-
tivity, but also the speci�c storage of the aquifer, albeit with greater
estimation uncertainty, and the electrical conductivities of the upper
and lower con�ning units using only transient self-potential mea-
surements. Since such measurements are usually conducted on the
surface and instrumentation is only minimally invasive, the solu-
tion has the potential for rapidly yielding preliminary estimates of

aquifer hydraulic properties where hydraulic head data from obser-
vation wells are unavailable.
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A P P E N D I X A : T H E H A N K E L
T R A N S F O R M

The zero-order Hankel transform,f
�

(a), of a function, f (r D),
which we refer to in this work simply as the Hankel transform, is
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