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ABSTRACT

In any numerical solution of the DC resistivity experiment, care must be taken to
deal with strong heterogeneity of electrical conductivity. In order to examine the
importance of conductivity contrasts, we develop a scattering decomposition of the
DC resistivity equation in the sparse differential domain as opposed to the tradi-
tional dense integral formulation of scattering-type equations. We remove the sin-
gularity in the differential scattered series via separation of primary and secondary
conductivity, thereby avoiding the need to address the singularity in a Green’s func-
tion. The differential scattering series is observed to diverge for large conductivity
contrasts and to converge for small contrasts. We derive a convergence criterion, in
terms of matrix norms for the weak-form finite-volume equations, that accounts for
both the magnitude and distribution of heterogeneity of electrical conductivity. We
demonstrate the relationship between the differential scattering series and the Fréchet
derivative of the electrical potential with respect to electrical conductivity, and we
show how the development may be applied to the inverse problem. For linearization
associated with the Fréchet derivative to be valid, the perturbation in electrical con-
ductivity must be small as defined by the convergence of the scattered series. The
differential scattering formulation also provides an efficient tool for gaining insight
into charge accumulation across contrasts in electrical conductivity, and we present a
derivation that equates accumulated surface charge density to the source of scattered
potential.

INTRODUCTION

The solution of the low-frequency (DC) resistivity equation
for the electrical potential distribution, given a general elec-
trical conductivity field, can be approached from a variety of
directions. To allow for the discretization of arbitrary three-
dimensional (3D) earth models, a finite-difference or finite-
element approximation of the governing differential equation
is usually used (Li and Spitzer 2002). Whichever numerical
method is chosen for solving the differential equation, care
must be taken to deal with strong heterogeneity of electrical

conductivity. For example, Spitzer and Wurmstich (1999) pro-
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vided a review of 3D finite-difference techniques in the context
of the DC resistivity problem and they demonstrated that the
main discrepancies in numerical results stem from the different
approaches used to handle discontinuities in electrical
conductivity.

We investigate the role of contrasts in electrical conduc-
tivity by describing the behaviour of the potential solution
using a scattering decomposition. The development is unique
in that we formulate the scattered series in the differential
domain as opposed to the traditional integral formulation
of scattering-type equations. This is significant in that large
3D problems with general electrical conductivity distributions
are almost invariably solved using a numerical approxima-

tion of the differential equation, not the integral equation.
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Finite-difference matrices are sparse, easily generated, and ef-
ficiently stored. Conversely, integral techniques involve costly
calculation, storage, and integration of a dense Green’s func-
tion. Furthermore, the singularity of the Green’s function must
be addressed in integral techniques (Snyder 1976), whereas we
use the elegant separation of primary and secondary potential
of Lowry, Allen and Shive (1989) to address the singularity
in the differential domain. Once formulated, the differential
scattering series provides useful insight into the DC resistivity
experiment with regard to the validity of the Born approxima-
tion, the applicability of the Fréchet derivative, and the charge
accumulation at conductivity contrasts.

We begin with a brief discussion of the forward problem
using a weak formulation and we show how the differential
scattering series results from a separation of primary and sec-
ondary conductivity. Following this, we implement the scatter-
ing decomposition for a synthetic 3D example and develop a
convergence criterion for the scattered series. We then discuss
ways in which the scattering decomposition and the associ-
ated convergence behaviour may be applied to the non-linear
DC resistivity inverse problem and we present a field example
for a 3D electrical resistivity tomography experiment. Finally,
we illustrate the relationship between the secondary potential

and surface charge accumulation.

FORWARD MODEL

The differential equation and boundary condition describing
the DC resistivity experiment are given by

—V - [o(r)Ve(r)] = I8(r — 1y) within V, (1a)

a(r)p + B(r)dg/dn =0 on S, (1b)

where ¢ is the electrical potential, o is the electrical con-
ductivity, I§(r — r,) is the pole-source function with cur-
rent strength I,r = xi+ yf + zk is the receiver position vec-
tor, ry = xs; + ysjA—f— zslA< is the source position vector, n is the
outward normal vector to the surface boundary S of domain
V, and « and B are factors dictated by the specific bound-
ary conditions. Since the differential operator is linear in ¢,
the response to any source array can be built from a summa-
tion of solutions for a series of pole sources (i.e. the princi-
ple of superposition). In this case, we consider the conduc-
tivity to be purely real and independent of frequency. How-
ever, our methods and results are easily generalized to complex
conductivity.

The forward problem for the DC resistivity experiment is
very often solved using finite-elements (Li and Spitzer 2002),

Taylor series expansion with finite-difference approximation
(Spitzer 1995), or a weak-form finite-volume approximation
(Dey and Morrison 1979). The weak-form expression of the
DC resistivity equation is developed by integrating the differ-
ential equation (la) over some small elemental volume and
applying the divergence theorem, such that

—/(IV¢ CAdS = I(x, y.. ). 2)

N

The weak-form equation (2) demands only first-order differ-
entiability of the potential and can thus be solved for any
medium with a piecewise continuous potential, a discontin-
uous source function, and discontinuous conductivity, which
allows for strongly heterogeneous earth models.

We discretize (2) using a finite-volume technique whereby
the surface integral is evaluated in a piecewise fashion over the
entire computational domain. The potential gradient within
the surface integral is evaluated using a centred, second-order
finite-difference approximation, which casts the surface inte-
gral in terms of neighbouring node potentials. The result is
a system of linear algebraic equations expressed as Cv = b,
where v is the vector of node potentials, b is the source vector
and C is the coupling matrix, which is sparse, 7-banded, pos-
itive definite, and symmetric. The zero-flux (Neumann-type)
boundary condition for the potential is easily incorporated
into C for model elements at the earth’s surface. At other do-
main boundaries, we use a source-dependent, mixed (Robin-
type) boundary condition (Zhou and Greenhalgh 2001). We
solve for the node potentials as v = C~'b, where the cou-
pling matrix is inverted using a stabilized biconjugate gradi-
ent solver (Press et al. 1992), preconditioned using symmetric
successive overrelaxation (Golub and Van Loan 1996).

SECONDARY FORMULATION

Much of the error in modelling the DC resistivity experiment
arises from the singularity associated with the point source of
current. Lowry et al. (1989) presented a method of analyti-
cally removing this singularity by invoking a separation of the
primary (¢") and secondary (¢°) potentials in response to per-
turbation of the primary conductivity (6¥) by the secondary
conductivity (6%). We consider the primary conductivity to
be homogeneous and equal to the conductivity at the source
location (Zhao and Yedlin 1996). Substitution into the DC
resistivity equation yields

=V [(6" + )V +°)] = I8(r — 1), (3)
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which, after subtraction of the primary solution and grouping
of the secondary potential terms, leads to the equation for

secondary potential,

—V [0V’ =V -[o°Ve']. (4)

Again, we solve the differential system via weak-form integra-
tion of both the forward and source operators as

—f0V¢S-ﬁdS=/USV¢P -fids, (5)

N N

for which the primary potential is solved analytically, thereby
accounting for the singularity associated with the point
source.

In terms of the discrete weak-form equations, (5) is ex-
pressed as Cv® = —C°’, where C® is the secondary cou-
pling matrix, built using the secondary conductivity (Spitzer,
Chouteau and Boulanger 1999; Wu et al. 2003), and the pri-
mary potential is evaluated analytically using the conductivity
at a given source location. We solve the linear algebraic sys-
tem for the secondary potential in the same manner as the full
potential equation but with a new source term.

Figure 1 shows estimated apparent conductivities com-
pared with the analytical solution for a vertical dike model
(e.g. Telford, Geldart and Sheriff 1990). The secondary so-
lution demonstrates a marked increase in accuracy over the
full potential solution. There are some fluctuations of the sec-
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ondary solution at conductivity boundaries, but these fluctu-
ations are much lower in magnitude than the error associ-
ated with the full potential solution. If the resistivity of the
dike is increased by an order of magnitude, the secondary er-
rors approach 2% over the dike (not shown). That is, when
the source is located in the conductor, errors associated with
the secondary formulation increase, as shown by McGillivray
(1992). However, the accuracy is still significantly greater than
that for the full potential solution. In the following section, we
use the secondary potential for an initial examination of the
scattering nature of compact heterogeneities. Following that,
we extend the results to general conductivity distributions in
the context of the inverse problem.

SCATTERING DECOMPOSITION

The secondary potential equation (4) shows, in effect, that the
source of the secondary potential is a current density resulting
from charge accumulation at conductivity contrasts; this is a
scattering-type equation in the differential domain and we can
use it to construct a scattering series solution for the potential
field.

As a first attempt, we separate all terms in (4) and rearrange
them to yield

—V [6°Ve® ] =V - [6°VeT] + V - [67Ve°]. (6)
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Figure 1 Pole-dipole apparent conductivities estimated using a secondary potential formulation for a conductive dike model. The background

conductivity is 0.01 S/m and the dike conductivity is 0.1 S/m from x = —4 to 4 m. The current source is of unit strength at x = —6 m, y =

0 m, z = 0 m and the illustrated profile is at y = 0 m, z = 0 m. The numerical grid has a regular 0.25 m spacing that changes to a variable

outward-increasing spacing from 7 to ~200 m in the x-direction and from 2 to ~200 m in the y- and z-directions. The positive error indicates

overestimation of the true apparent conductivity.
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We let ¢o = ¢' and ¢ = 0, and we construct the scattering

series as
V[Vl =V [0°VaL gy =" + 4,
v [o*Ve3]
=V [0V +V [6"V}], ¢ =o"+¢5 ..., (7)
—V - [6°Ve]

=V [0SV 4V [0V, ] @ =9 + 05,

where ¢/_s is the jth-order scattered potential and ¢; is the jth-
order approximation to the full potential. However, this se-
ries suffers from the fact that, in the formation of the system,

06 0.8
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Figure 2 Singular value spectra for (a) the full, primary and secondary
weak- form differential operators C, C* and C®, and (b) the precondi-
tioned form of C for a small earth model of 1331 nodes and 1000 cells,
200 of which represent a conductive dike (secondary conductivity)
with a conductivity contrast of a factor of ten. The preconditioned
form of C? is indistinguishable from that of C at the scale shown.

CS S = —
j
siderably more sparse than either the full operator C or the

C*" — C'v?_,, the secondary operator C® is con-

primary operator C. In fact, C® is only semi-positive definite
and cannot be inverted, as illustrated in Fig. 2 by the singular-
value spectra for a small problem.

Alternatively, we can separate the terms of (4) and group
the secondary conductivity terms to yield

—V . [6'V¢’] =V . [6°Ve]. (8)

Again, we let ¢ = ¢ and ¢5 = 0, and we construct the scat-
tered series as

_Vv. [ngd)f] =V. [USV%], ¢1 = o+ ¢7,
_V~|:0'PV¢§]=V-|:O'SV¢1]7 Gr=do+¢5, ... )
_V. [(;PV¢1§] =V. I:O'SV(I"?kfl]’ b = do + 3,

where ¢} is the kth-order scattered potential and ¢y is the kth-
order approximation to the full potential. In the event that the
series converges, the scattered potential approaches the total
secondary potential as & — oco. Conversely, the first term of
the scattering series (k = 1) represents the familiar Born ap-
proximation, whereby a change in the potential is expressed
as a first-order linear mapping with a conductivity perturba-
tion. The approximate first-order scattering solution will be
meaningful when electrical conductivity variations are weak
compared to the background; we expect this approximation to
be inadequate for realistic conductivity contrasts (Hohmann
and Raiche 1988).

We implement the scattering series (9) in the 3D discrete
weak form as CPv; = —C%v;_;. Figure 3 illustrates the first-
and second-order scattering terms for the conductive dike
model of Fig. 1 with an order of magnitude conductivity con-
trast. Clearly, the differential series diverges quite strongly in
this case. Conversely, Fig. 4 illustrates the first- and second-
order scattering terms for the conductive dike model of Fig.
1 with a conductivity contrast of a factor of only two. In this
low-contrast case, the differential series is observed to con-
verge with good agreement of the total estimated potential for
k 2> 4. For this particular dike model, convergence is limited
by a conductivity contrast of less than a factor of approxi-
mately two; for greater contrasts, the series diverges. As ex-
pected, convergence of the scattering series is strongly model-
dependent, both in terms of the magnitude of the secondary
conductivity and the distribution of secondary conductivity
over space.

For a better understanding of the convergence behaviour, we
note that convergence or divergence of the differential scatter-
ing series is due, in large part, to the first-order scattered term.
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Figure 3 (a) First- and (b) second-order scattered potential terms
for the dike model of Fig. 1. The illustrated profile is at y = 0 m,
z=0m.

Comparing the first term of the series (9) with the secondary
equation (4), we see that the source functions are identical.
Thus, the error associated with the first-order scattered poten-
tial (an approximation to the total secondary potential) stems
from the primary forward operator of (9), which is a smooth
Laplacian operator since 0¥ is homogeneous. By expanding the
source function, we see V - [6°V¢' | = 65V2¢® +VoS -V¢P,
which is only non-zero for non-zero secondary conductivity
and conductivity gradient. Although not generally true, the
product of the secondary conductivity and the Laplacian of
the primary potential (65V?¢®) tends to be small in compar-
ison with the scalar product of the secondary conductivity
gradient and the primary potential gradient (Vo® -V¢F), so
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Figure 4 (a) First- and (b) second-order scattered potential terms for
the dike model of Fig. 1 with a conductivity contrast of a factor of
two. The illustrated profile is at y = 0 m, z = 0 m.

that the source function tends to be large at conductivity con-
trasts, as illustrated in Fig. 5 for the dike model. However,
for convergence, the scattering series requires that the source
term diminishes in strength with each order. Since &% is con-
stant over the series, the requirement for convergence is that
¢1 be smoother than ¢ over the regions of non-zero o°.
Theoretically, the tendency to converge or diverge is cap-
tured entirely by the coupling matrices, and we show that the
differential series converges in the event that ||(C?)~'C’|| <
1 or the spectral radius of (C?)~'C® is less than unity (see
Appendix); this is a convergence criterion for the differential
scattering series and is, in effect, a validity criterion for the
Born approximation. As the conductivity contrast decreases
(in magnitude and distribution), the singular value spectra of

the secondary and full operators diverge while the spectra

© 2006 European Association of Geoscientists & Engineers, Geophysical Prospecting, 54, 463-473
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Figure 5 First-order weak-form source term at y = 0 m, z = 0 m for
the scattering series associated with the dike model of Fig. 1 with a
contrast conductivity of a factor of two. The maximum source mag-
nitude is —1.3 mA (not shown); the large source magnitude indicates
high surface charge density. The source magnitude increases with in-
creased contrast conductivity but the shape of the source term remains
constant.

of the primary and full operators converge. The secondary
matrix becomes weaker and increasingly sparse (along the
diagonal), thereby significantly lowering the combined ma-
trix norm. This formulation of the convergence criterion in
terms of the coupling matrices accounts for variability in both
the magnitude and distribution of conductivity contrasts, the
source location (via the choice of primary conductivity), and
even the properties of the numerical mesh, but it may be less

intuitive than the previous arguments of smoothness.

Implications for the Fréchet derivative

The inverse problem for the DC resistivity experiment is non-
linear due to the dependence of the forward operator on the
model parameter of interest, i.e. the electrical conductivity.
Therefore, the inverse problem is usually linearized and solved
in an iterative fashion (Spitzer 1995; Li and Oldenburg 2000).
In calculating the Fréchet derivative (sensitivity) for linearized
inversion of DC resistivity data, the procedure is very similar
to that of secondary potential separation, but with the impor-
tant distinction that the effect of the perturbation is linearized.
In fact, for small perturbations, the Born approximation is
equivalent to the Fréchet derivative as shown below.

We define the continuous differential operator £L{} = -V -
[o(r)V{}] and proceed by perturbing the operator to obtain
an equation that satisfies £{8¢} + §L{¢} = 0. Implicit in this

perturbation technique is the goal of isolating a parameter
perturbation from § £ in order to construct a Fréchet kernel of
the form, 8¢(r) = [, F(r,r', m)éo(r')dV'.

For the resistivity equation (1), the perturbed (or varia-

tional) form is given by
=V - [(o +680)V(p+8¢)] = I8(r — 1), (10)

which is equivalent to (3). If we expand the perturbation
equation and subtract the unperturbed solution, we are left
with

=V [oVép] =V -[80 V(¢ +50)]. (11)

which is equivalent to the scattering equation (8). However,
in order to obtain the form, L{8¢} = —8L{¢}, we must ne-
glect the product of perturbed quantities (8o V@) to yield the
linearized (first-order) approximation,

—V - [0V8p] ~ V - [85 V], (12)

from which the Fréchet kernel is constructed (McGillivray and
Oldenburg 1990). We note that (12) is equivalent to the first
term of the scattered series (9) since, in the perturbation no-
tation, ¢ and o are the unperturbed or primary quantities.
Because we have demonstrated that the first term of the series
(9) is a valid representation of the scattered potential only un-
der certain convergence conditions involving the magnitude
and distribution of perturbed conductivity, we can expect the
same for (12) and, by extension, any Fréchet derivative ob-
tained from it.

However, many practical sensitivity calculations avoid the
use of an explicit conductivity perturbation and instead they
are implemented for infinitesimal perturbations using an
adjoint Green’s function solution or a sensitivity equation
technique (e.g. McGillivray and Oldenburg 1990; Spitzer
1998). Nevertheless, perturbation size is important during
the model update stage of the iterative inversion process.
Any linearized model update will only be valid for pertur-
bations that are sufficiently small for the first-order scattered
term to be a reasonable approximation to the true scattered
potential.

Application to an electrical resistivity tomography
experiment

For an iterative inversion scheme, at any iteration i we have
the potential distribution ¢’ (primary potential), the conduc-
tivity model o/ (primary conductivity), the model update Ac’
(secondary conductivity), the updated model o+, and the re-
sulting potential distribution ¢'+!. The scattering series (9) can

© 2006 European Association of Geoscientists & Engineers, Geophysical Prospecting, 54, 463-473



then be recast as

_v. [aiw)f] =V [AciVe], Pt = ¢ + 47,

V. [aiwg] —v. [Aa"va);'“], P =g + 45, ..., (13)
V. [w‘wg] =v. [Aoivé,iﬂ], it =o' +¢5,)

where the model update Ao’ represents the scatterer strength,
@} is the kth-order scattered potential (secondary potential),
#i is the kth-order estimate of the updated potential and we
have used the initial conditions ¢j"™' = ¢’ and ¢} = 0. Given
convergence of the scattering series, ¢;"' approaches ¢™*! as
k — o0o. We note that an alternative formulation of the scat-
tered series involves embedding the model update in a homo-
geneous background. However, this homogeneous approach
assumes implicitly that the non-linearity of the problem is en-
tirely the result of the model update or the scatterer distribu-
tion. In the approach presented here, the primary model o is
not necessarily homogeneous and, thus, non-linearity associ-

ated with the primary model is inherent.

Depth, z (m)

16

i i i i i i i i i

0
Easting, x (m)

45 20 25 30 -85
Log(c) in S/m

Figure 6 Final 3D conductivity model realized after ten iterations of
a linearized Gauss—Newton inversion of ERT data. The conductivity
model is relatively symmetrical in the horizontal plane and is shown
sliced aty = 0 m.
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In order to examine the applicability of the differential scat-
tered series (13), we consider the results of a 3D electrical re-
sistivity tomography (ERT) experiment carried out to simulate
the detection and monitoring of the pump-and-treat remedi-
ation of a conductive contaminant in a near-surface alluvial
aquifer. Figure 6 illustrates the estimated conductivity model
realized after ten iterations of a Gauss—Newton inversion (Li
and Oldenburg 2000) using the DCIP3D software (DCIP3D
2004). The starting (reference) model is a two-layer water-
table model with the water table at a depth of 1.9 m, a vadose
zone conductivity of 0.20 mS/m and a saturated conductivity
of 1.5 mS/m.

This large 3D ERT problem consists of over 250 000 el-
ements, thus formation of the coupling matrix convergence
criterion is computationally impractical. Alternatively, we can
test for convergence of the scattering decomposition (13)
at any given iteration. We consider the first iteration, for
which the model update (from the reference model) is illus-
trated in Fig. 7. The associated first- and third-order scattered

—_
o

Depth, z (m)
N

16

" i i i L i

-
-

0
Easting, x (m)

0.0 05 15 20 25
Ac (mS/m)

Figure 7 Magnitude of the first model update in the iterative inversion
scheme. The model update is relatively symmetrical in the horizontal
plane and is shown sliced at y = 0 m. The first model update is applied
to the two-layer initial (reference) model.
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Figure 8 Dots indicate the (a) first- and (b) third-order scattered (sec-
ondary) potentials at y = 0 m, z = 8 m for the first model update
illustrated in Fig. 7. Solid lines represent the exact scattered potential
given by the difference between the primary and updated potentials.

potentials are extracted along the x-direction in Fig. 8 for a
single pole source at the location,x =3 m,y =3 m,z= 8 m.
For this example, the first-order scattered potential is a reason-
able approximation to the exact scattered potential, computed
as the difference between the updated and primary potentials;
full convergence is achieved for k ~ 3. Given the good first-
order agreement and rapid convergence of the scattered poten-
tial, and realizing that the initial steps in an iterative inversion
scheme are often large and approximate, we can be reason-
ably certain that this particular model update is valid within
the linearized inversion. A full assessment of the validity of the
model update would require a similar analysis over all space
for all sources in the ERT experiment.

A 2D slice of the first-order scattering source function is il-
lustrated in Fig. 9 ata depth of 2 m above the source depth. In
this case, the secondary conductivity Ao’ is not compact and is

Northing, y (m)
o

s 4 0 4 =8
Easting, x (m)

20 40 0 10 20

Source Strength (pLA)

Figure 9 First-order scattering source strength at z = 6 m for the first
model update illustrated in Fig. 7.

non-zero at the source location, so that the primary potential
gradient V¢’ is not nullified at the source point. In turn, the
scattering source function is strongly influenced by the source
location. Furthermore, contrary to the dike example, there is
no sharp demarcation of the scattering (secondary) conduc-
tivity; it is distributed and diffuse (Fig. 7) due largely to the
regularization inherent in the inversion procedure. Therefore,
the scattering source function cannot easily be interpreted in
terms of the spatial distribution of conductivity changes.

Charge accumulation

The implementation of the scattering equations (9) are discrete

representations of the weak-form expression,
—fal)V¢Z -AdS = /aswk,l -fds. (14)
s s

As illustrated by the scattering series for the dike model
(Fig. 5), the source function on the right-hand side of (14)
is typically largest at conductivity contrasts for compact mod-
els. For distributed models, such as in the inversion example
above, the scattering source function is not so easily inter-
preted (Fig. 9). The physical implication of (14) is that surface
charges can accumulate when the electric field is perpendicular
parallel to a conductivity contrast (Li and Oldenburg 1991).
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The phenomenon of charge accumulation across contrasts
in electrical conductivity (essentially a scattering problem) is
commonly formulated as a Fredholm integral equation of the
second kind (Snyder 1976). Alternatively, we can utilize the
differential operators to calculate the accumulated charge den-
sity and the associated source function for the anomalous po-
tential. To show that the source terms of the scattered series
are indeed charge accumulations, we consider the expression
for surface charge density t of Li and Oldenburg (1991), cast
in our notation:

S
= - Ve i (15)
o

We can use the expression for surface charge density to rewrite
(14) as

—/a"wsz-ﬁdsz —/ 2 1 ds. (16)
s s €0

Considering the source function of (16), we see that the scatter-
ing series (9) can be related to the constructive and destructive
superposition of potentials generated from the accumulated
charge at the surface of a conductivity contrast. In practice,
we measure the total potential, which has contributions from
the primary potential and the infinite-order scattered potential
(the secondary potential).

It is also possible to generate a discrete-form coupling ma-
trix to relate the surface charge density across an interface to
the secondary potential as Bt = C’v®, where B is the discrete
form of the right-hand surface integral of (16), t is the vector
of surface charge densities, and the secondary potential v* is
found via the solution of the discrete form of (5). However, in
numerical implementations, care must be taken to honour the
implicit dimensionality of the surface charge density, which
resides at computational surfaces. It cannot be treated identi-
cally to ¢, which resides at computational nodes, unless only
an average surface charge density is required. Thus, in the nu-
merical differential domain, the disparity in dimensionality be-
tween surface charge density and potential must be accounted
for, possibly via averaging.

CONCLUDING DISCUSSION

Scattering formulations for electrical and electromagnetic ex-
periments are typically implemented in an integral form. It is
well known that such integrals can be very expensive to com-
pute for large problems and they require detailed treatment of
the singularity of the Green’s function. The differential oper-
ators for the DC resistivity experiment, however, are sparse,
easy to compute and efficient to store, and thereby provide an
alternate method of examining the scattered potential.
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As expected, the weak-form differential scattered series for
electrical potential is observed to diverge for realistic contrasts
in electrical conductivity. However, for small conductivity con-
trasts, the series is observed to converge and the first-order
scattered potential is a reasonable approximation to the true
secondary potential. We show that the weak-form differential
scattering series should theoretically converge given a small
perturbation in the conductivity field. The size of this pertur-
bation depends on both the magnitude and spatial distribution
of the conductivity contrasts. We provide a convergence cri-
terion based on the matrix norm of the discrete weak-form
differential operators.

For small conductivity contrasts, the linearized form of the
Fréchet derivative (which is equivalent to the first-order scat-
tered solution) and any associated iterative inverse model up-
date remain valid approximations for implementing sensitivity
calculations for non-linear inversion of DC resistivity data. In
an iterative non-linear inverse problem, the validity of the lin-
earization depends on the strength of the model perturbation.
If the model perturbation is large, the linearized mapping ob-
tained via a Taylor series expansion is not valid. Conversely,
model perturbations that are too small make the inversion pro-
cedure expensive. For a chosen perturbation, convergence of
the differential scattering series can be used to justify lineariza-
tion about the current model update. Thus, the convergence
criterion associated with our formulation of the differential
scattering series provides an indirect method of obtaining a
measure of how large a model perturbation can be before vio-
lating the assumption of linearity. The criterion can therefore
be used in deciding the bounds on the step sizes of model up-
dates for the inverse problem.

Although the convergence criterion has potential applicabil-
ity, we do not necessarily recommend implementation of the
full forward differential scattered series (just as the integral
scattering solution is rarely used for practical forward mod-
elling) due to the minimal gain/cost ratio achieved through
this procedure. In some cases, however, the scattering for-
mulation can provide useful insight into the DC resistivity
experiment with regard to charge accumulation across con-
trasts in electrical conductivity and, in turn, the generation
of secondary sources. For large-scale practical problems, the
surface charge distribution in 3D can provide intuitive under-
standing between the observed data and conductivity struc-
tures in the subsurface. To elucidate this connection between
the scattered potential and charge accumulation, we derive
a weak-form equation that relates surface charge density
directly to the scattered and total secondary potentials in
3D. The latter relationship is valid for any magnitude or
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distribution of secondary conductivity since it is obtained us-
ing the non-approximate secondary potential. Computation-
ally, the procedure presented to compute surface charge den-
sity is more efficient than an integral equation approach where
a dense Green’s function needs to be evaluated and integrated

along conductivity contrasts.
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APPENDIX

In terms of the discrete linear operators, (11) can be written

as
Cv = —CSv = —C5(v" + v9). (A1)

The scattering series then involves updating the scattered po-
tential in an iterative fashion according to

Chvi=—C(V +vi,). (A2)

In terms of inverse operators, we can write sequential estimates

of the scattered potential as
v = -1V v,
v = —(C) 1TV + ]
= -V - @rev vl
v = —(C) 1OV + ]
= —(CP)7ICS [VF — (CP)7ICS [VF — (CP)'CSv?
+vill]. -,
v = —(C)IC 1= (€ IC + () 1) -]
H=DE((EN)1C) S,

where I is the identity matrix.
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Since v§ = 0, the second term of the kth-order scattered
potential becomes zero. Further, for ||(C?)~! C® || < 1, and
provided that k is large enough, the first term of the kth-order
scattered potential can be represented by a binomial expan-

sion, such that we can write
Vi = —(C))ICS 1+ (C)ICS] VP (A4)

The requirement that ||[(C?)~'C®|| < 1 for large k is equiv-
alent to the requirement that [|(C?)"'C%||* — 0 as k — oo,
which implies that the matrix (C?)~'CS is itself convergent
with a spectral radius of less than unity. To demonstrate that
the series (A3) indeed converges for large k, we show that
(A4) is exact in the following manner (dropping the subscript

k):

Differential scattering decomposition 473

CPvS = —CS[T + (CP)~'CS] VP,
VS = —(CP)ICS[1 + (CP)'C5] VP,

CSvS = —CS(CP)'CY[I + (C7)~1C] VP,

Cv® = C'Vv® + C5S,

Cv* =
—CS{(CP) I CS[I + (CP)'CS] ! 4 I+ (CP)'CS] v,

Cvs = —CS[(C?)"'CS + ][I + (C7)~1CS]'vP,

CvS = —CSv'.
The final form of (AS) is equivalent to the stable, non-

(AS)

approximate secondary formulation of (9). It follows that the
scattered series converges: in the limit v; — v as k — oo,
provided that ||(C?)"!C® || < 1 or the spectral radius of
(CP?)~1CS is less than unity.
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