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Summary

To solve ill-posed geophysical inverse problems, we
routinely incorporate prior information into our solution.
This stabilizes the solution, but also complicates the
appraisal process because of the bias introduced into the
solution. If the end goal of our data analysis involves
decisions based on our solution, it is of great importance
that we take steps to quantify how much information came
from data and how much came from prior information. In
this paper, we examine spread measures computed using
point spread functions and compare them with a region of
data influence index. Both of these methods have
previously been used in the context of appraisal analysis.
Using a linear problem we examine the relation between
the two measures. We illustrate the relation with both a
linear synthetic example as well as a nonlinear field
example using controlled source electromagnetics. We
establish some of the mathematical relationships that exist
between the two appraisal tools.

Introduction

Linearized Resolution Analysis

Insight into the resolution analysis problem can be gained
by considering a linear inverse problem, d** =Gm+¢ .
This type of problem has been studied in detail in previous
literature (Backus and Gilbert, 1970; Oldenburg, 1983;
Snieder, 1990; Parker, 1994; Alumbaugh and Newman,
2000). If the objective function to be minimized is

¢ = HWd (d”l” —Gm]‘z +ﬂHWm (m —mo]‘z > M

denoting the Hessian by H = (GTWdTWd G+ ﬂW,nTWm),

the recovered model is given by

m=H'"GWW,Gm+H'GWW, e+ H'W'W,_m,
@

In a more compact notation we can represent the estimated
model in equation (2) by m =R m+n+y, where R is the
resolution matrix.

R=(G"WIW,G+pwiw,) GWIW,G 3)

R provides a linear mapping between the estimated model
parameters, m and the true model parameters, m. For a

nonlinear problem given by 4°* = F(m)+¢& the estimated
solution for the model perturbation is given by

on=H'G'W/W,G ém+ “
H'G'W]W,(Q(6m)— P(6i) + &)+ H'W'W, Sm,

m""m

where G is the sensitivity matrix, and Q(é}n), P(6m) are the

higher order terms typically neglected in the linearized
analysis. When the higher order terms are not negligible it
introduces bias into the solution of the estimated model.
For our analysis we will neglect the higher order terms and
carry out the interpretation using linearized analysis and
use R in equation (3) as resolution mapping.

Point Spread Functions

The columns of R are called the point spread functions
(PSF). A PSF describes how a delta-like perturbation in the
true model manifests itself in the inverted result. If a
particular PSF is wide and/or has large side lobes, then the
corresponding model is poorly resolved at that location and
the resolution 'width' is broader than the cell dimension.
This introduces the idea that spread of these PSF’s can be
used as a measure to assess the resolving capability of the
data and the prior information which can also be treated as
data in some form.

Spread criterion for the Point Spread Function

To compare the resolution capability of the data and prior
information in different regions of the model, PSF’s can be
compared directly with each other. Although this is a valid
procedure and has the ability to convey a significant
amount of detail, the process can be tedious when we are
faced with comparing thousands of cells in a large-scale
experiment. Here we develop a spread criterion to
summarize the information contained in the PSF to a single
number. Note that definition of the spread criterion is non-
unique, similar to the definition of attributes computed
from time-frequency maps (Barnes, 1993; Sinha et. al,
2005). For each cell, this number can be used as a
diagnostic to compare the resolving capability of the
inverse operator in different regions of the model. We
propose the following definition of the spread (Routh and
Miller, 2006)
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where W(r,rk)is a distance weighting matrix that

increases the spread value when side lobes exist away from
the region of interest, p(r,71) is the point spread function

for the cell whose center is at s, , and « is a small

threshold parameter chosen so that the denominator in the
spread equation is not equal to zero when the energy of the
point spread function is zero. This can occur in regions of
insufficient data coverage. If the PSF peak is shifted from
the region of interest, the chosen spread criterion will
generate large spread values. In subsequent sections we
demonstrate the use of the PSF and spread criterion to
interpret inverted models obtained from a synthetic
example linear inverse problem and a field example
frequency domain controlled source EM experiment.

Averaging kernels
The rows of the resolution matrix are the averaging or

Backus-Gilbert (BG) kernels (Backus and Gilbert, 1970).
These kernels show how the value of a specific model
parameter is obtained by averaging the model in the entire
domain. If the averaging kernel is a delta-like function at a
certain location, then the contribution to the estimated
value is obtained from that region and there is insignificant
contribution from model parameters in other regions of the
model. If we remove the effect of the reference model in
equation (2) from the inversion then the average value of
the model parameter can be represented by the following
equation

(m)y=m—H "W, W, my=Rm+1n- (6)
The average value of the model parameter is equal to the
projection of the BG averaging kernel (i.e. row of R) onto
the true model plus the noise contribution. Thus three
quantities, the average value <rf1>k, the averaging kernel

r* = R(k,:), and the noise contribution n,» should be

jointly interpreted. PSF's are fundamentally different from
BG kernels and we will demonstrate this difference using a
linear example.

Region of data influence

For the regularized solution given by equation (2), in
regions unconstrained by the data, the estimated model will
revert to the reference model. This is the fundamental idea
behind the depth of investigation index introduced by
Oldenburg and Li (1999). Thus by inverting the same data
using two different reference models, a region of data
influence (RDI) can be constructed as proposed by
Oldenburg and Li (1999).

my —m

ref _ ref
‘mz m

RDI = ™

In regions unconstrained by the data, this ratio will go to
unity, whereas in regions constrained by the data, this ratio
will approach zero. In subsequent sections, we construct a
resolution measure for two examples by calculating this
ratio over the entire model domain.

Mathematical relationship between the resolution
matrix and the RDI

The estimated model in equation (2) can be written as
m=my+R(m—m)+H'G'W]e. (®)

In the RDI approach we use two different model estimates
m , ,m, for the corresponding reference models 3 ,m (1) .

The difference between the estimates can be represented by

1y, — :(mé—mé)+Rz(m—m§)—R1(m—m5) )

i (g) -1 (B )W/ e,

The k™ element of the model difference is

iy i), = (g =), + 5 (m = )~(ot [ =)+ 10

where rzk, r,k are the averaging kernels and hé‘ ,hl" are the k™
row of the inverse Hessian matrix. In the region where
7 =r"=(0,.010,.0) and A =p" the difference in
equation (10) approaches zero, thus RDI=0 indicating good
resolution. In regions where 7 =7* =(0,.0,.0) and

K =h', RDI=1 thus indicating poor resolution. For a

linear problem this formally establishes the connection
between the RDI measure and the resolution matrix. We
recognize that the complicating factor here is the noise
term. The difference in the regularization term between the
two inversions will manifest itself as a difference in the
inverse Hessian matrix. An important point to note is the
RDI measure is dependent on the averaging kernels and not
the PSF’s, so spread from the PSF’s will provide a different
resolution measure. Using a linear example we will
demonstrate the similarities and differences between these
two measures.

Linear example

We consider a 1D, linear inverse problem of the form,
d. :(g. m) where the data kernels are blurry Gaussian
i J?

functions commonly used in computer scale vision
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Conclusions

In this paper we demonstrate the connection between two
different appraisal tools: PSF spread and RDI. Although
the connection is better understood for linear problems, we
demonstrate via a numerical example that similar
conclusions hold for a nonlinear CSAMT inversion
problem. Using different appraisal tools for a problem can
help us gain additional insight into the results of our
inversions. This can lead to increased confidence in our
solutions and help us to make better informed decisions.
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Figure 3: Top plot is observed data, log'°(|Ex|), (V/m), bottom plot
is predicted data, log'’(|Ex|), (V/m), for both plots, x-axis shows
distance along profile in meters, y-axis shows log'’(frequency),
(Hz). The data were generally well fit at all 25 frequencies.
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Figure 4: Top plot is the inverted conductivity model
log'*(conductivity) (S/m) to a depth of 1200 meters. Center plot is
the calculated spread for the entire model domain; bottom plot is
the RDI for the entire model domain. Notice the region of the
model that we would like to interpret, i.e. from 100 to 500 meters
depth, is well resolved according to both the spread and RDI plots.
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